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CHAPTER I 



VARIATION 



Section 1 - Direct Variation 

The following table shows some corresponding values of the distance's", 
rgiven in Meters, a body-fatts duetto gravity and the time "t" of fall in 
seconds. The -square of the time, t , is also given because it plates . 
to s in a significant way. 



t 


0 


l 


2 


3 


[ 4 


5 


6 


10 


s 


0 


' 4/9 


19.6 


44.1 


78.4 


122 . 5 


176.4 


490.0 


t 2 


0 


l 


4 


9 


16 


25 


36 


100 



A coiparison^feptween corresponding values of s and t 2 shows that the 
/quotient s/t is a constant 4.9 meters per second squared. That is, 



111 = 44,1 = 78.4 = 122. S = 176,4 = 490.0 



= 4*9. 



4 9 16 25 36 100 

2 2 
Thus, s/t * 4.9 and s * 4.9t . This relationship can be stated: 

H s varies directly as tlie~squate* of t.* 

In general, for- two quantities x'and y, if the ratio y/x is constant, say 
k, then y is said to' vary directly as x, written y/x = k or y = k*x. The 
constant k is called the constant of variation . ' 

Examples. 

1.1 The statement M y varies directly as 

a. the square root of x " is written y = k • . 

b. the cube of t w is written^ = k • t^* ^ 

c. the absolute^ value of z" is written y = k • |z|. 

1.2 Suppose R varies directly as the fourth power of C. Empirically, 
it is found that R * 32 when C * 2. Find the equation of 
direct variation. Then, f »om the given data, determine the ( 
constant of variation k. "Rewrite the equation as a formula • 

in te*ms of R and C. 0 -% 



Step 1. The equation is R = k*C . 



/V ... r • . 

4 

Step 2 % Substituting R ■ 32 ana C - 2 into R * k-C 

gives 32 * k - 2 4 . Solving for k gives k = 2. 

Step 3. R = 2 • c 4 . e 

3- M varies directly as the square root of N. If N increases 

by a factor of ^Sixteen, what corresponding change occurs 
• <in M? / , 

Step I. The direct variation equation is M - k- ^ . 

Step 2. Let the increase in N be given by N' = 16 • N. 

Step 3. Let M* be the value of M which corresponds to N 1 - 

Step 4. M' = k • vfi 7 . 

M* » k • /16 N. 

M* = k • 4 • & . 

M« « 4 - k - ^. 

M r = 4 • M. 



Step 5. Conclusion: The value of M increases by a factor 
of four *hen N increases by a factor of sixteen. 

,4 The period T ot a simple pendulurf varies directly as the 
square root of its 4 length L. If the period is 2 seconds 
• for a pendulum 64 centimeters long, find the period for a 
pendulum 121 centimeters long. 



Step 1. The direct variation equation is 



T = k • /L , 



StTep 2. Substitute T » 2 and L - 64 into T = k • v^L to find 
the value of k. 1 

^ 2 * k • S64 

Step 3. Thus J 

Step /. Substitute L ■ 121 to find T: 



T » - * /L . 
4 



11 92 
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Section 2 - Inverse Variation / 

The relationship between, thejpressure P and the volume V of a gas is 
such that as the pressure increases, the volume decreases, and as the 
pressure decreases, the volqme increases. Specifically, the product of 
the pressure and volume is constant, written symbolically as P*V = k. 
Hence, P » k* ^ and V - k • ^ . The pressure and volume are said to vary 
inversely* 

In general, for two quantities x and'y, if y * k • j then y is said to^ 
vary inversely as x where k is the constant of variatio n. 



Examples. 

2.1 It is known that F = 5 when G = 1000. If F varies inversely 
as th$ cube root of G, find, F for G = 0.008. 

1 

Step 1. The inverse variation equation is F = k * 3 • 

v 

Step 2. Substitute F = 5 and G = 1000 into the equation / 
to find k. 

' Step 3. 5 * k •% - * I 

V1000 \ 

f 

k = 50 
Step 4. Thus, F = 50 • 



3* 



Step 5. Substitute G = 0.008 to find F. 
Step 6. F = 50 ■ 1 



c 



50 
0.2 

250. r - 



2.2 The intensity of light I at a point varies inversely as the 
square of the distance d the point is from the source of 
light. It is known that the intensity is 25 units at a dis- 
X tance of 10 centimeters. What is the distance from the light 

source when the light intensity is 4 units? 



-4- 



Step 4. Substitute I = 4 and solve for d. j 

i_ ■ ■ 



4 = 2500 • "4 



2 _ 2500 

* * 
d = 25 cm. 

Section 3 - Joint Variation 

It is possible that one quantity varies directly and/or inversely as two 
or more other quantities. In this-case, the quantities are. said to varjr 
jointly * | 

Examples. 

3.1 C varies directly as A and inversely as the square root 
of B. If A increases by a factor of fsix and B decreases 
by a factor of one-fourth, what change occurs in the cor- 
responding value of C? 

Step 1. The variation equation is C - k*A- . . 

Step 2. Let C 1 be the value of C which corresponds to 6 A 

and \ B. 
4 
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Step 1. The inverse variation equation is 

i = k ♦ 4 • * > 

Step 2. Substitute I = 25 and d - 10 to, find the value of 
k. 

— i 

25 - k • t- 
10 

k- * 25O0 

4 1 

Step 3. Thus, I = 2500 • -j . * 



C = k * 6 • A • 

2^ 



c = 12' • 1c • a • — 3L 



C 1 f 12 • C 

Step 4. Conclusion: The value ^>f C increased by a factor 
of 12. 1 



Exercise Set 1 



I 

Translate each statement' int^a variation equation. 

a. T varies inversely as the cube root of S squared. 

b. A quantity y varies directly as x and inversely 
as the cube of z. 

c. The power P in a jet of water varies directly as the 
cube of the water's speed s and directly as the cross- 
sectional area A of the jet. 

The heat developed in a resistor H varies directly as the 
time t and the square of the current i in the resistor. 



a. Write tj|e variation equation., 

b. Fifldthe heat if k * 2, t > 40, and i = 0.5. 



The area of a circle varies directly as the square of its radius. 

a. What is the constant of variation in the above relationship? 

b. If the radius of a circle is increased to four times its 
original length, what corresponding change Occurs in the 
area? 



10 



-6- 



In e&*Ai-Qf~1%ie following types of variation, assume that x 
doubles in value and z decrease^ by a factor of. one-third. 
Find the corresponding change in y. 



a. y = k 



y = k 



1 

z 



c. y * 



kx 

3 



The electrical resistance of a wire varies directly as its 
length^and inversely as the* square of its cross-sectional area^ 
One ty£e of mre^of length 150 m and cross-sectional area 
0.12 cri 2 Aas a tesistanse of 0.3 ohms. A second wire, 
made of the same metal, ; hks a length of 300 m and a cross- 
sectional area of 0.24 cmf . What is the electrical resist- 
ance of -the second wire? 
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Chapter ii 



POLYNOMIAL EQUATIONS OF HIGHER DEGREE 



Section 1 - Polynomial Functions in One Variable 



A function f^x) * a Q x n + ax + * 2 X " + # ' # ' * a n-l x +J V wh * re a 0' 

a^are real numbers, a 0 6, and n is a nonnegative integer, is called a * ' 

polynomial! function of degree n . \ . ^ 



if n » 0/ then f {%) 
is a linear function 



- a Q i& a constant function . For n = 1, f (x) m agx + a, ^ 
; for n * 2, f (x) » agX* + a^x + a 2 x is a quadratic function! * 



This chapter will deal \primarily with polynomial functions fo^ n £ 3# called 
polynomial functions of higher degree . - 

) 

Examples. 

t t 1.1 f (x) * 5x 3 - 4 ♦ 3x can be written in the form 

f (x) = 5x 3 + Ox 2 + 3x - 4 in which a Q = 5, a^^ = 0, 
a 2 * 3, $nd = -4. The degree is 3. 

1.2 *s(t) « t 5 - 2t 2 - t has degree 5, with a Q ■ 1, * 0, a 2 * 0, 
a^ « -2, a 4 = -] , and a,. * 0. 

! 

Section ' 2 - Roots and Zeros 

* 

If a polynomial function f(x) of degree n is set equal to some value, say 
d, the equation f (x)* = d is called a polynomial equation of degree n . Solu- 
tions of f(x^* d are called roots . If'd ■ .0, then the roots of f (x) 3 0 
are called zetps of f(x). \ 

• • \ x 

Examples. \ 



2.1 A root of f(x) » 4x - 3x + 5 = 490 is 9 because f(5) * 490. 

2.2 A zero of f (x) * x 4 + 2x 3 - 27 is -3 because f{-3) = 0. 

2.3 Roots of x 3 - 3x 2 + 4x + 2 * 6 are the roots of x 3 - 3x + 4x ~ 4 
They are aiso the same ^ the zeros of x 3 - 3x 2 + 4x - 4. 



* 0. 



S ection 3 - The OraptTof a Polynomial Function 



The graph of a. polynomial function f (x) is the set of all points whose 
coordinates tx,y) Satisfy the^equatitm r~ f (xb~ The graftfr is^ made tor 
passing a "smooth" curve through a few selected solutions of this equation. 



ERIC 
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Examples. 

3.1 Graph the function y ■ f (x) * x 3 - 3x 2 + x - 3. 

/ .Step 1. Using^ a table an given values of x, find tlu 
.corresponding values of y, (Figure 2.1) 



| - 3 {- 2 1 -1 [0 1 1 1 2 I 3 I 4 I 3 
| -60 |-25 1-8 1-3 1-4 1-5 j C | 17 \ 52 



y 



Step 2. Entri.es~4.rt the table correspond to solutions of thct 
^gi^en equation. Graph these solutions. 



H hH — I K 

-5 -4 -3 -2 -: 



r 



60 
45 

30 
15 



-15 

-30 
-45 
-60 



H 1 ♦ I V 



• • * 3 * 5 



Figure 2 . 1 



Step 3. Form the graph of y ■ f (x) by joining the graphs 
of the solutions from Step 2 by a smooth curve • 
(Figure 2.2) 




X 


- 41 


3 


-2 


-x 


0 


1 


2 


3 


4 


y « f (x) 


-56 


(-18 


0 


4 


0 


-6 


-8 


0 * 


24 _ 




Figure 2.3 



Step 2. The roots of f(x) - 0 are the x-coordinates 

of the points of intersection of y = f (x). and 
the x-axis. These roots are -2.0, 0.0, and 3.0. 

Step 3. Project" 'the points of intersect! on of th^line 
y - 5 and the graph of y = £ (x) onto the x-axis 
as shown in Figure 2.3. The corresponding x- 
coordinates are the roots of f(x)« -5; nameiy, 
-2.4, 0.7, and 2.4\o the nearest tenth. 

\ 

\ 

Exercise Set 1 

'Determine which of the: given values of the variable are roots of the 
equation. 

a. x 3 - 5x 2 + x + 10 = -5; x = -2, 0, 3, 4 

3 27 . _ 3 1 _ 1 . 3 
*• t *"T t t "4* 2' 



V * = "4' .2' ~9 r 2 

c. 4x 4 - x 2 + 3* 6^= -2, 3, 1, 

-0 



2. 



Determine which of the gTv^Tyalues of the variable are ,eros of the 
function. 

a. f (x) » *x 3 - 15x; x = -3, /3, 2, 7 

b . g(s) = s < - ; s 3 - 8s 2 - 7s ^rf= 0, -5, 2, 5 ' 
C. f(t) - t 8 - St 7 - t 4 + 3t 2 - 8; t « -2, 0, 1, -1 

3. Find the zeros of f (x) - x 3 + x 2 - 6x graphically. 

4. Approximate to the nearest tenth the root(s) of f(x) = x 3 ♦ x 2 - 6x 
from the graph in exercise 3._ 



10 



Section 4 - The Remainder Theore m and Synthetic Division 

■ethod of ev.lu.tin, . function is ^fH"^,.*?; ,U 1 
^ |5 3 1 ^Tni TsiZe IS - » - «i>T.! 3 is not . «. 



of f (x 



O 1 r 

ERIC 15 
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A second method of evaluating f(x) for a specific value of x, say 3, 
involves dividing f (x) by x-3. The division process shows that the re- 
mainder 5 is the value of f (x) when x ■ 3, 

■ ; , 

x + x - 2 
./I „ 2 



x-3 \x 2x - 5x + 11 

3.2- 
x - 3x 

2 R 
x »- 5x 

' x 2 - 3x^^ 

/ - 2x + ll' 

- 2x + 6 4 

^remainder equals f(3). 

3 2 o 
Since x - 2x - 5x + «U ± (x-3) (x z + x - 2) + 5 (i.e. dividend equals 

divisor times quotient plus remainder), letting x = 3 shows that 

' 2~ 2 % 2 

3 J v - 2-3 - 5*3 + 11 « (3-3) <3 Z + 3-2) + 5, 

f (3) - 0 • (3 2 + 3 - 2) + 5, 

and f(3) - 5, the remainder. 



In general, the remainder theorem states that if a polynomial function 
I is divide 

Examples. 



f (x) is divided b> x-r, then the remainder is the value of f(x) when x=r. 



3 2 

4.1 Dividing f(xl = x + x "\ * + 7 by x ^ (-3) or x + 3 vjglds 
a quotient x - 2x + 5 and a remainder of -R*. Thus! 

x 3 + x 2 - x + 7 = (x + 3) • (x 2 - 2x + 5) - 8, \J 

f(-3) = (-3\+ 3) v -[("3) 2 -2(-3) + '5]- 8, 

f(-3) * -8. 

4.2 Find the value of f (x) = 3x 3 - 2x 2 + 4x - yfor x = 5. \| 

/ 

Step 1. Divide f (x) by x-5. ' ! 

3x 2 +13x + 69 

x-5v4x 3 - 2x 2 + 4x - 2 
3x 3 -15x 2 

13x 2 + 4x 
13x 2 -65x 

' 69x - 2 

69x - 345 

q » 343 + remainder 
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Step 2. By the remainder theorem, f(5) - 343. 

There appears to be.no advantage to. evaluating a polynomial function using 
the remainder theorem because of the tedious division involved. An abbre- 
viated form of division, called synthetic division, will make the task 
easier. 

Examples. — 

4.3 Divide f (x) - 2X 3 - 7x 2 + 10x - 12 by x-2 synthetically and 
find f(2). 

Step^V^rite the coefficients of the terms of f <x) left 
to right beginning with the highest degree term 
followed by each successive -lower degree term. . 

Step 2. Separate the coefficients of f(x) from- the numbe'r 
2 (taken from the divisor x-2) and draw a line , 
as shown below. 



2] 2 -7 



10 -12 



Step 3. Write the first coefficient below the line and 
multiply it by the 2 from the divisor. Place 
the product 4 above the line in the second column 
and add. The sum fr-3) appears below the line. 



7 



2j 1 -7 20 -12 

4 . . 

2 ~ 
Step 4. Multiply 2 from the 'divisor and the sum (-3) of 

the numbers in the second column. Place the pro- 
duct (-6) in the third column above the line. 
Continue this process. 

M 2 .7 10 7 "12 
4-6 8 
2 ^3 4 

Steo 5. The first three numbers below the line are the 

coefficients of ^e quotient in descending power 
order. The quotient is 2x 2 - 3x + 4. The last 
nujjiber -4 is the remainder. By the remainder . 
theorem, f(2) = -4. - 

J '■■ ' 
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4.4 Evaluate f (x) - 5x 4 - 3x 2 7 4x + 7 for x - -I 

t 

1 f Step 1. Divide £(x) by x - (-5) or x+5 



rl] 5 0-3-4 7 
-25 125 -610 3070 
5 -25 122 -614 3G77 «- remainder 



Step 2. By the remainder theorem, f (-5) 




Step 1. Divide f(x) by> ; x^6 



\ . il 1 "7 0 3 -18 

. 6-6 0 . 18 
1 -1 0 3 0 + remainder 

Step 2. By the remainder theorem, f{6) - 0, Thus, 6 is 
a zero- of f (x) . 

-~ r 

Exercise Set 2 

vUse synthetic? division and the remainder theorem to evaluate the function 
|pr the* given Vaiue of the variable ♦ ; , r 

6; x * 2 

*■ 3t + 4; t - -2 

i 

l » m ■ 6 
1» t - 10. 
15; 8 - -3 

section 5 - The Factor Theorem 

Suppose r is a zero of f(x). By the remainder theorem', if f(x) is divided 
^ by x-r, the remainder is sero. That: is, 

f(x) •> (x-r)-Q(x) where Q fx) is the quotient. 

The factor theorem states that if r is a sero of f (X) , then X-r is a factor 
\pf f(x). Conversely, if x-r divides f(x) exactly , then r is a zero of f(x). 

ERIC 

is 



1. 


f (x) 


m' 


4x 3 - 


■ 3x 2 


2. 




ts 


-4t 4 


♦ t 3 


3. 


P(m) 


m 


3 

m - 


1 2 
6 " 


4. 


f(t) 


m 


3* 2 ■ 


- 5t 3 


5. 


f(s) 


-st 


6 

8 - 


3. 4 
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A factor of the form x-r is called a linear factor . 

/ I 
Examples. 

5.1 Determine if' x+7\is a factor of f (rf) ^L4x 4 + 27x 3 - 4x 2 + 19x - 14, 



If it is a factor), find the quotient of f (x) divided by x+7. 

X 

Step 1. Divide f (k\ by x+7 to see if ^ is a zero of f(x). 



ill 4 27 -4 19 -14 9 

-28 7 -21 14 x 
4 -7l : 3 ^"~2 JH- remainder * 

«* Step 2. Siiice the remainder is 0, f (-7) * 0 and -7 is a zero \ • 
of f(x). By the factor theorem, f(x)= (x+7) . (4x 3 ~x 2 +3x-2)\ 
Therefore, x+7 is a factor of f (x). \ 

Step 3. The quotient of f (x)r(x+7) is 4x 3 - x 2 + 3x - 2. 

3 3 2 

5.2 Show that x - ^ is not a factor of x - 3x + 4x + 1. 

i 

Step 1. Divide f(x}= x 3 - 3x 2 + 4x + 1 by x - j 

U . ' 





4 


t- 




9 


75 




'"J • 


8 




25 




2 


4 


8 



t ' 1 .j 3 : 

Step 2. Since — is not a zero of f(x)» x - r is not a fafctor 

fW.' 



Exercise Set 3 ^ 

Use the factor theorem to determine if the linear factor is a factor, of the 
3iven polynomial. ° 

1. x 7x + 15x ♦ .9; x + 3 

2. x 4 - 7x 3 - llx + 28; x - 7 

3. y 3 .+ if y - i ( 

°4. 2m 5 - rf* + 3m 2 - m + 6; m - 3 \ 
5. t 5 - 32> t - 2 



« 1 
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Section 6 - Roots of Higher Degree Polynomial Equations 

The remainder and factor theorems are important in the process of f inding . 
roots of higher^degree equations. However, more information ab6ut roots is 
needed to make^the job of solving an equation less than a horrendous job. 

An important idea involving rational roots of polynomial equations is the 
rational root theorem : 

Any rational root of a Q x n + a^*" 1 + . . . + a^x ♦ a n - 0 can be # 

expressed as a fraction | in lowest tenuis where p is an integral 

factor of the constant term a and q is an integral factor of the 
« n 

coefficient of the highest power term, a Q . 

In addition to the rational' roots theorem, some helpful facts in determining 
the roots of a polynomial equation f (x) * 0 are: 

'* (1) A polynomial f(x) divided by x-r 

has a remainder R « f (r) Remainder Theorem 

^ (2) If r is a zero of f(x), then 
1 . x-r is a factor of f (x) . * • • • Factor Theorem 

■° \ 
* (3) A polynomial election f(x) «*0 

of degree n has, exactly n real 

or imaginary roots Number of Roots 

(4) The number of positive roots of . 
V f(x}~» 0 is no more than the 

number* of changes in sign from 

on* term €o the next in f (?) Positive Roots 

(5) The number of negative roots of . 
f (X) - 0 is no more than the 
number of changes in sign from 

one term to th^next in f(-x) Negative Roots 

(6) If an imaginary number a + bj* 
is a root of a 'polynomial - . 
equation, * then a bj i called / 

' its conjugate , is alsd a root Imaginary Roots 

An equation may have a thot occur more than once in the solving process * 
' For *xai$le, the equatAqp x 3 *4x 2 -3x+18 « 0, which can be. written in the 
equivalent form (x+2)»*x~3)2 . o, has* exactly three solutions of -2, 3, 
and 3, The solution 2Lis said to have multiplicity two. If a root occurs 
k times it has muljffilxcity k, 

•Recall that j - called th* imaginary unit. 

y- ERJC- ; . . 4 - ■ ^ - 
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Examples. 

6*1 Determine the 
of f (x) * 4x 



e maximum number of positive and negative roots 
5 - 3x 4 + 7x 3 + 2x- / x - 5 = 0. 



Step 1. f(x) has 3 changes in /the signs of adjacent terms. 

, +4x 5 - 3x 4 + 7x 3 /+ 2x 2 - x - 5 

+ > t + / t * 

#1 , t #2 c #3 

]/ ' The maximum number of positive roots is 3. 



Step 2. Evaluate f (x) f< 

' v / 

f (-x) - -4x 5 7 3x 4 - 7x 3 + 2x 2 + x - 5 
Step 3. The number q£ changes in sign of f (-x) is 2. 

-4x 5 -/ 3x 4 - 7x 3 + 2x 2 + x - 5 

' + + ♦ • t 



#1 #2 

Step 4. The maximum number of negative roots is 2. v 

6*2 The equation x - 6x -i 51x + 28x = 0 can be expressed as 

/ 5 V 

x. (x - 8)- {* + 7)/ (x - ~) = 0. What are th^ roots of this 

equation? / * 4 - '* 

/ 

Step 1. /There are 4 roots. 

Step 2* By repeated application of the factor theorem, which 
says, if x-r is a factor of a polynomial f(x), then 
r is a zero of f(xY or root of f(x) = 0 , the roots 
ate 0, 8,'* -7, and * . 

6.3 One root of f(x) » x 3 - 2x 2 - 9x + 18 = 0 is 3. Fii>d the 
remaining two roots. 

Step 1. Because 3 is a jroot of f (x) * 0, 3 is af£ero of f (x) 
By the factor theorem/ x- 3 is a factor of f (x) . 
Divide f (x) by x-3 synthetically. 

3l 1 -2 -9 18 
3 3 -18 
11-60 



21 
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Step 2. The given equation can be written 

(x - 3) (x 2 4^x - &> - 0. Factoring 

x 2 ♦ x - 6 gives (x - 3) (x + 3) (x - 2) * 0. 



Step 3. The roots,by the factor theorem, are 3, -3, and 2. 

a 2 2 

6.4 Two roots of x - 6x - 14x - 6x + 13 - 0 are 3-2j and j. 
Solve the equation. 

Step 1. Since 3-2j is a root, its conjugate 3+2j is also a 
root. Similarly, j being a root implies that -j is 
also a root. 

Step 2. The roots are 3-2 j, 3+2 j, j, and -j. 

6.5 Solve f (x> • x 4 + 4x 3 - 22x 2 - 84x + 261 » 0 

i- 

Step 1. The number of changes in sign in f (x) is 2; there 

are at most 2 positive roots. The number of changes 
of sign of f (-x) is 0; there are no negative roots. 
Since there are A roots, at least two are imaginary. 

* \ / * " ' 

Step 2. possible rational roots are positive integral 

factors of 261 or 1, 3, 9, 29, and 261. 

Step 3. DetemSme if X' l/is a root of f (x) « 0 by substitution; 
This will show that 1 is not a root. 

Step 4. Determine if 3 is a root by dividing f (x) by x-3. 

- 3] 1 4 -22 -84 261 

3 21 -> 3 '-261 1 

1 7 - 1 -87 0 

* / 

3 o . ! 

•Thus, (x - 3) (x +,7x - x - 87) * 0. 

Step 5. Since the *root 3 may have multiplicity 2, determine, 

if x-3 is a factor of x? + ?x 2 " * " 87 • / 

/ 

3^ 1 "7 - 1 ^87 / 

3 30 87 

^ 1 10 29 . 0 / 

Thus, (x - 3) (x - 3) (x 2 + lOx + 29) - 0. 

Step 6. The remaining 2 roots are roots *of x + lOx + 29 * 0, 

a quadratic equation. Solving by the quadratic formula 
gives x * -5-2 j and x * -5+2j. 
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Step 7. The roots are 3, 3, -5-2j, and -5+2j 

45 



Solve 8x 3 - 26x 2 - 9x 



Step 1. Write pie given equation as 8x J - 26x - 9x + 45 ■ 0. 

There are a maximum of 2 positive and 1 negative roots. 
The factors of 45 divided by the factors of 8 give the 
possible rational roots. » 
* \ 

±1, ±3, ±5, ±9, ±15, ±45, ±j, ±|, ±|, ±|> 

.15 .45 .1 .3 .5 9 .15 + 45 + 1 + 3 
*T *~2' *4» ± 4' *4' ± 4' ±_ T' *7» **' *?' 

5 .9 .15' . + 45 
*8' *8' *T and *T 



Step 2. Possible rational roots are tested by synthetig divi- 
sion or substitution until a zero of 6x 3 - 20x 
is found. One zero is 2 as shown below. 

2 



9x + 45 



6.7 




Step 4. The roots are j# - j> 

Squares the same sise are cutf trom the corners of a 10 by 12 
decimeter piece of sheet pe»l • A topless tray is formed by 
bending up the sides and sdfde ring the seams. What two dif- 
ferent size squares can be/cut from the corners to form a tray 
with a volume of 72 cubic decimeters? 



23 
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10 - 2x >xV 




9 
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Step 1, 



Figure 2,6 

Let x represent the length of the square cut. 
The volume of the tray can be expressed by 



x- (12 - 2x) * (10 - 2x) « 72 from which 
6)- (-2) (x - 5) » 72 

x(x - 6) (x - * 18. ^- 

18 ■ 0. 



x x-(-2)(x 

V 



x 3 - llx 2 + 30x 



Step ^. 



Step 3. 



There are 3 roots with a maximum of 3 positive and 
0 negative roots. T)Le possible rational roots are 
1, 2, 3, 6, 9, and 18. 

It can be shown by /substitution or the remainder 
theorem that 1 and 2 are not roots. Testing the 
number 3 as a possible root gives 



3j. 1 



/ _ 

-l/ 30 
3 -24 



-18 
18 



1-86 0 
from which (x - 3) (x 2 - 8x + 6) 



0. 



Step 4. Solving - 8x + 6 - 0 by the quadratic formula 
yields x/ - 4 + /lQ or approximately 7.16 and 
x - 4 /[o or about 0.84. 

Step 5. The aires of cuts can be 3 or 0.84 decimeters 
(7.16 decimeters is not possible.) 



24 
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Exercise Set 4 

1. Determine the maximum number of. positive and negative roots of each 
equation. ^ 

a. 4x 3 - 3x 2 + x - 6 - 0 b. x 3 - 5 = 0 



c. -4x 4 - x 2 + s " - - - n - 1 ^ A ^ 2 



*3x + 7 « 0 dj 7x J + 3x + 5x + 2 - 0 



2. List the possible rational roots of the following, equations. 

a. x 4 ^ 3x 2 - .2 - 0 b. x 3 - ?'Mf -•. ! ft'r c. 4x 3 - 3x + 8 - 0 
3.. Solve each aquation ^given a root (s ) . 

i • 2 

a. x - 2x - 5x + 6 - 0» x - 3 



b. x 3 - 4x + 3^ 0} 



x = 1 



c. x 4 ♦ 2x 3 - 6x 2 - 22x + 65 = 0; x = 2-j, -3+2 j 

d. x 4 + 10x 3 + 26x 2 + lOx + 25 = 0; x * -5 of multiplicity two 

1 

4. Solve the following equations. 



a* 


x 3 - 10x 2 + 31x - 30 




b. 


x 3 + 6x 2 + llx +6-0 




c* 


2x 3 + 15x 2 + 24x - 16 - 


0 


d. 


x 4 - 7x 3 + 16x 2 - lOx f 


0 ^ 


» 

e. 


6x 5 - 7x 4 - 16x 3 + 12x 2 


- 0 



Section 7 - Irrational Roots of Polynomial Equations 



"~ x higner degree polynomial equation having three or more irrational roots 
\ cannot be solved by the method presented in the chapter. It ip suggested 
\ that co^mter programs* if available, be used which find roots of all types 
\to a specified degree of accuracy. 

One such program is H R00TER H designed to be used with a BASIC language 
coa*>uter. This program approximates rational and irrational roots to ,the 
nearest hundre^- thousandth. 
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o CHAPTER III 
ANALYTIC GEOMETRY 



Section 1 z Li™*** Eolation in Two Unknowns - The Line 

"Itoe^line and ^cjuations of a line Jiave been dealt with previously in the V 
study guide Algebraic and Trigonometric Equations With; Applications , The\ 
4 important concepts related to .lines will be introduced 'Again but with lAs 
eriphasis apd detail. 1 

/ J 
A linear equation in two' unknowns x and y has the standard fotra ax + by ^ c 

where a/ b,vand c arfe constants. ' 

A solution of a linear equation is an ordered pair (x,\) which satisfies the 
equation. 



The ffliaph of a linear equation is a line whose points have coordinates Which 
safcspythe linear equation. 

Examples • 

1.1 The equations 3x - y » 5, y = 3 - 2x, y - 4 » 0, x * 9 # and 
|y- 2x * 4 * 0 are linear equations. t 

8 

1.2 Some solutions of the equation 2x - 5y » 10 are (0,-2) , d#*^) 

(5,0), and (10,2). * 

• * * 

1.3 The graph #f 5x + 3y - A5 is the line which passes through 
the graphs of two solutions of the equation. See Figure 3.1. 




Figure 3.1 
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1.4 The equation y = -2 has solutions of the form (x,-2)i where x is 
any real number. The graj>h of y » -2 is a horizontal line having 
a y-mtercept of -2. See Figure 3.2. 

1.5 The equation x -5 = 0 has solutions of the form (5,y) where y 
i*.any^real number. Th&* graph of x - 5 * 0 is a vertical line 
with a x-intercept of 5. See Figure 3.2. 



x - 5 = 0 



I I I I I I 



y = -2 



I I I I 



-2 



Figure 3.2 
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J 
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Exercise Set 1 



1. Write five solutions of each equation, 
(a) 4x - 3y = 12 (b) x + y = 0 
(d) x = y r + IP (e) 4y + 7=0 

2. Graph -each linear equation. 

(a) 4x - 3y » 12 (b) x - y = 8 

(d) 0.5x - 0.2y =4 (e) 2y + 5 = 0 



(c) x = -8 ■ 



(c) 4x = -11 



1 



Section 2 - Distance Between rwo Points and Slope of a Line 

The undirected distance between two points (x.^y^) and P 2 (x 2 ,y 2 ) ln 
the plane, written !?jP 2 I » * s 



P P 
12 



(x_ - ,x ) + (y- - y )' 



erJc 



27 



i 



A directed distance from dne point to another on a horizontal or vertical 
line aay be' defined. For tiro points P * (Xj>k) and P (x ,k) on the horisontal 
line y ■ tewith P- to the left of P 2 , the d irected distance from v\ to P, 
(left to right) is the positive value PjP 2 - * 2 x., 
distance from P 2 to P 1 (right to left) Is the negative 

f 

Similarly, if *\ (h*Yi) and P 2 (h,y 2 ) are on the vertical line x * h with 
p 2 •boy? Z\' directed distance from P x to P 2 (upward) is the positive 
value P X P 2 « y 2 - y,. \ / 



The direct e 



Lve value P 2 P l * x l~ x 2* 



The difectfed distance from P 2 fOo P x (downward) is the negative value P^ 
y l * V 

Example. 

2.1 The following distances are 
derived from Figure 3.3. 



P P 
*1 2 

P p 

2 1 

P P 
r l 4 

p p 

3 2 



P P 

r l 3 




i 

P 2 (-3,3) < 
• 


i 

P 3 (5,3) 
• 


Mill M 






P 1 (-3,-4) ! 


; V 


P (V-4) 
4 









Figure 3.3 

/(5»(» 3 )) 2 x^-(-4)) 2 * /64 + 49 - i/ll3 



If P x (x^y.) and P 2 (x 2 ,y 2 ) are any two points on a nonveiftical line, the 
slope m of the line is ' 



m 



y 2 - yi v 1 - y 2 



x 2 - X 



X l " X 2 



Two lines having slopes and m 2 are parallel if and only if - m 2 . 

wo lines having slopes and m 2 are perpendicular if and only if 
» or, equivalently, m *m = -1. 

1 uL 1 * 



Two 
m 



"2 
Example , 

* 2.2 Show that the lines having equations 4* + 3y ■ -6 and 
3x - 4y « 8 are perpendicular. 



' ! 
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Step 1. Complete a table of values for each equation. 

4x + 3y « -6: 3x - 4y = 8: * 

3_ x | 0 | -4 

y [-2 J -6 y J -2 | -5 

-Step 2. Two solutions of 4x + 3y = -6 are (0,-2) and 
(3*-6). The equation 3x - 4y = 8 has the 
solutions (0,-2) and (-4,-5) • 

Step 3. # The slope of equation 4x + 3y ■ -6 is 

-6 -(-2) = 2± 
3-0 3 " 

The slope of 3x - 4y = 8 is 

-5 -(-2) m 23 _ 3 
-4-0 -4 4 * 



-4 3 

Step 4. v The product m^-m^ = — • — = -1, 
are perpendicular. 



Thus the lines 



Exercise Set 2 

1* Given the four points V ± (-6,2), P 2 (5,3), P 3 (7,2), and P (5,0), 
find the following distances. 



(a) I ^ 2 



(b) pp. 
' 4 1 



(c) P 



(d) P 4 P 2 



(e) P 2 P 4 



2, Find the slope of the line having the given equation. 

(a) x - y « -3 i (b) #N- 3y = 6 (e) y - 3 = 4x 

(d) y - 3 = 0 |. (e) 0.6x - 1.2y -1 = 0 

3. Determine if the following pairs of lines are parallel, perpendicular, 
or neither. 



(a) y ■ x - 3, x - y * 5 
(c) 2x - y = -2, 2y = -x 

.Section 3 - Equations of a Line 



(b) 3x + 2y = 0, 4x = 6y - 1 
(d) y = -4, x + 5 = 0 

I 



An equation of a line can be determined if two points on the line are known. 
If l x \,Y]) ^ n< * P 2 ^ x o'^2^ are tWO P art ^ cu ^ ar Points and P (x,y) represents 
any point on the line, then 



:RIC 
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is called the two-point form of an equation of a line. 

Knowing the slope m and a particular point * 1 (x^y^ of a line, the 
equation 

y - y x - ■ • <x - x x ) 

is an equation of the line called the slope-point form . 

The y-cqprdinate of the point of intersection of a line and the y-axis is 
called the y- intercept of the line, represented by bv . 

If the slope w and y-intercept b of a line are known, an equation of the 
line can be expressed as 



called the s lope-in terce 



pre fcrm . 



mx + b, 



Certain lines have special forms of equations. A vertical ,line passing 
through the point (h,k) has an equation of the form x - h and a horizontal 
line through (h,k) has an equation y ■ k . 

Lines which contain the origin, (0,0), with a slope of m have the form y * mx. 
Examples. 

3.1 A line contains the points ? 1 (-4,7) and P 2 (3,5). Pind an 
equation of the line. 

Step 1. Using the two-point form where P (x,y) is any point 
on the line, 

5-7 

(y«- 7) = ' (x-(-4)) which simplifies into 

j — \— *i t 

2x + 7y ■ *41. 

3 

3.2 A line contain the point P. (-4,6) and has a slope of 
What is an equation of the tine? 

Step 1. Substituting the coordinates (-4,6) and slope - *| 
into the point-slope form gives 



3 

y - 6 m --j* (x -(-4)) which simplifies to 



3x + 4y * 12. 
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3.3 A horizontal line, vertical line, and a line which contains the 
origin p$ss through the point P (-8,7). Write an equation of 

_ each line. 

> Step 1. The horizontal line has an equation y = 7. . 

Step 2. An equation of the vertical line is x * -8. 

Step 3. The slope of the line containing the origin and the 
point P 1 (r8,7) has a slope ' 

7-0 7 
»%8^~0"~8- 

Thus, an equation of this line is y = - ~ x or 
«*, 7x + 8y * 0. 8 

3.4 Write an equation of the line perpend4cular to the line 
5x + I2y - 2 which passes through the point P 1 (0,6). 

Step 1. Expressing 5x + 12y » 2 in -the slope-intercept form 
gives y * — x ♦ i* The slope of this line is zlL 
12 6 12 
and the slope of the requited line is the negative 

reciprocal of li • That is, m « — . 

12 - 5 

Step 2. The point P 1 (0,6) implies that the y-ir>tercept is 6. 

Step 3. The equation can be written in the slope- intercept form 
12 

y ■ — x + 6 or 12x - 5y # * -30. 

3.5 If the acceleration of an object is constant, its velocity v 
varies linearly as the time t. The velocity of an object after 
3 sec is 46 m/s and after 8 seconds it is 61 m/s. What was 
the initial velocity at t ■ 0 and the velocity after 12 s? 



Step 1. Solutions of the form (t,v) will satisfy the linear 
equation relating velocity and time. Two such 
solutions are (3,46) and (8,61). 

Stop 2. The slope ot the requirfd equation is 

61 - 46 



ro 



8 



15 
5 



Step 3. Using the point-slope fortn of an equation, 
v - 46 « 3 * (t - 3) or 3t - v = -37 
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4 

\ ... . 

Step 4. Letting t - 0 in 3t - v - -37 gives the initial velocity, 
v - 37 m/a. 

Step 5. Substituting t - 12 into 3t - v - -37 yields v « 73. 
Thus, the velocity after 12 seconds is 73 p/s. 

7 

— Exercise Set 3 

« 

1. Write an equation of the line which satisfies the following conditions. 

a. Passes through "P^ (-8,3) and ? 2 (4,7). 1 

b. Parallel to 5x - y » 8; y-intercept 8. 

2 

c. Passfes through^ (-4,-2); slope --j . 

d. Perpendicular to y * 3x - 4; passes through P x (0,5). 

^ e. Slope 0.9 1 y-intercept -1. * 

I • 

^ f. Vertical; passes through (5,9). 

g. Horizontal; y-intercept *4 . 

h. Passes through P. (-6,5) and the origin. 

i. Parallel to y - 8 ■ 0; passes through the origin, 
j. Passes through P x (4,-8); Has no slope. 

2. In example 3.5, after how many seconds will the vel^ity of the object 
be 98 tk/s. 

3. Assume that the length of a Spring varies linearly as the force applied 
in stretching it. A force of 4 newtons resulted in a spring length of; 
14 cm. The length was 23 cm when the force was 7 newtons. How long is 
the spring when no force is applied? If the spring is 32 cm Ion*, what 
is the force?. ^ * l_ 1 

Section 4 - The Circle 

Geometrically, a circle is defined to be the set of f all- points P (x,y) whose 
distance from^a^ftxe^ point is constant. 

The fxxsd point is called the center of the circle and the constant distance 

is the radius of the circle. • . 

■ % 
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In Figure 3.4, the Center is C (h,k) 
and the radius is r. If P (x,y) is 
any point of the circle, then the 
statasent 'The distance frosi P (x,y) 
to the center C (h,k) is the constant 
distance r* can be translated alge- * 
braically as 



V(x-h) 2 ♦ (yHO 2 - r 

2 



ot 



(x-h> 2 ♦ (y-k) 2 - r . m 

\. 

This latter equation is called the 
standard equation of a circle with 
center C (h,k) and radius r. 





, y 






p <x»yhZ 




/ >» 


r \ 




^ C <h,k) 1 m 


b 





If the center 
becomes x 2 + y 



Figure 3,4 

nter of a circle is the origin (0,0) , the equation of the circle 
2 ♦ y 2 * r 2 . 



Examples . 

4.1 An equation of the circle 
with center C (4,-2) and 
radius 5 is , 

(x - 4) 2 ♦ (y + 2P - 25. 
/ See Figure 3*5. 



>lll ll l|/ II I I 1 I I l\ M 

V] C (4%2) J 



Figure 3.^ 



4.2 x ♦ y 2 » 19 is the equa- 
tion of the circle whose 
center is the origin and 
radius is /!?. See Fig- 
ure 3.6. 



Figure 3.6 
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4.3 



V 



A circle hu a dianeter Whose endpoinfce are P^ (-6,5) and 
F 2 (5,S>. IHiat ia an aquation of the circle? 

Step 1. The diameter ia a s 
line segs*nt passing 
through the center of 
the circle. The center 
ia the ldapoint~ of the 
diameter- See Figure 
1.7. 



Step 2. The coordinates of the 
center C are the aver- 
age of the corresponding 
coordinates of P 1 and 
P 2 . Thus, r~ ~~ 







^-6,5)^ ; 








1 ItTf 


Till III* 




• 


1 y 

Figure 


3.7 



Step 3. The distance^ from the center C to either point or Pj 
is the radius. Therefore, 



70. 
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1,2 , 13,2 65 
Step 4. An equation of the circle is (x + j-) + ly - -j) 2 * 

4.4 An equation of a circle is x 2 + y 2 - 10x + 4y + 4 - 0. Determine 
the" center and radius and sketch the graph of the circle. 

* 

Step J.. The given equation can be written in standard form by 
completing the aquares for the x- and y- terms. 



Step 2. Express the equation in the form 



(x 2 - 10x ) + (y 2 + 4y 



) 



-4 



Step 3. 



Complete the square in x by adding the square of one-half 
of the coefficient of x or 25 to both aides of the equation. 
Couplets the square in y by adding the squtue of one-half 
of the coefficient of y or 4 to both sides. 
The result appears aa 

(x 2 - lOx ♦ 25) + (y 2 + 4y + 4) • -4 + 25 + 4 



34 
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Step 4. Rewrite the equation 

from Step 3 in standard 
form as 

(x r 5) 2 + (y + 2) 2 « 25. 

Step 5* The center is C (5,*2) 
and radius is 5. The 
graph appears in Fig- 
ure 3*8. 




Exercise Set 4 



Figure 3.8 



1. Determine the center and radius of each circle whose equation is given. 



<a) x 2 + y 2 » 64 

/ 



(b) (x - 4) 2 + y 2 = 1 (c) <x- 2) 2 + (y- 3) 2 50 



(d) (xl* 0.7) 2 ♦ (y + 3.6) 2 » 0.9 



1 



(e) x z + y 2 - 16x + 2y + 16 - 0 



2. Write ah equation of a circle satisfying the following conditions, 
(a) C (3,0); r » 25 (b) C (0,0); r = VlO 

* (c) C (4,-9); r » 7 (d) Passes through P (-4,6) i C (4,0) 

(e) Endpoints of a diameter are P^ (-6,-2) and P^ (3,5) 

(f) Radius of 6; coordinates of the center are a solution of the 
system of equations 2x - 3y * 1 and -4x + 5y * 1 • 

3. Is the point P (5,3) on the circle whose equation is 



is the point P is ,3) on 
(x - 3) 2 + ty = 6)2 - 13? 



lose^eqij&t 
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Section 5 - The Parabola 

•* 

h ESggfegj* is <k'ined to be those points in a 
plane whose distance fron a fixed line and a 
fixed point not on the line are equal. Figure 
3.9 shows three t points P^, P 2# and P^ on a 
parabola whose distances from a fixed line L 



and point P are d 



1' 



d 2# and d J# 



respectively. 



The fixed line L is called the directrix . 

The fixed point is called the focus . 

\ . • , 

A line through the focus perpendicular to 

the directrix is called the axis of sytwwtry , 

The point of intersection of the parabola and 
its axis of symmetry in called the vertex . 

Standard equations of parabolas which 
satisfy various conditions shewn in 
Figures 3. 11-3. 14 are given below. 
Each , equation canjpe derived from the 
geometric 'definition of a parabola where 
p is the directed distance from the 
vertex to the focus of the parabola. 




Figute 3.9 
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Figure 3.10 
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" 4px? p > 0 
Figure 3.11 



y ■ 4px; p < 0 
. Figure 3.12 



Sam* helpful hints to remember! when 
writing the equation ar£ : ^ — • 

(1) The branches of the parabola 
extend in the positive and 
negative directions of the 
variable being squared in the 

r equation. 

(2) The negative x or y tert (p is 
negative) in the equation means 

£ the branches of the parabola 
extend left or downward. 

(3) A positive x y term (p is 
positive) in t. ^ equation means 
the branch opens right or up- 
ward. 



Vertex 


V(o,o) 


Directrix 


y ■ -p 


2 

x * 


4py; p > 0 


Figure 3.13 


* 


y 


Directrix 


y - .-p 


Vertex 


v(o,o) * 


^'focus 


>F(o,p)\ 



x - 4py; p < 0 
Figure 3.14 



Examples, 



V 



5.1 Determine the focus, vertex, and direction of the parabola 



x 2 8y. 
Step 1. 

Step, 2. 
Step 3. 



Sketch the graph of the parabola 

2 2 , 

The ^equation x • 8y is in the standard form x = 4py 

with 4p » 8 or p ■ 2. 

From the variable x being squared and p being positive 
the branches extend left atad right in an upward direc- 
tion. 1 The vertex is V (0,0). 



The focus is on the y-axis at (0,p) or (0,2) 
directrix is y * i-p or y - -2. 



The 



Step 4* To get the position of the branches for sketching, let 
x » ±4. Substituting, (±4) 2 - 8y and y » 2. Figure 
3.15 shows a sketch of the parabola. 

J, 
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t> Figure 3.15 

5.2 A parabola has the vertex V (0,0) and focus F (-6,0), Write 
an equation of the parabola. 



Step 1. 

Step 2. 
Step 3. 



Since the focus is left of the vertex, the parabola 
has a graph extending to the left with an equation 
form y - 4px. 

From, the focus F (-6,0), the value of p is -6. 



The equation is y = 4(-6)x 




e parabola whose directrix is y * 6 and 



5.3 Find an equation^of 
f ocusjL£^F~~t07-6) • 

— step 1. The focus is below the directrix. Thus, the parabola 

opens downward. The vertex is midway between the fo^us 
/ and directrix at the origin. \_ 

2 

Step 2. The standard fono of the equation is x - 4py where p 
is the distance from V (0,0) to F (0,-6) or -6. 

/ 2 2' 

Step 3. The equation is x * 4(-6)y or x = -24y. 

For the vertex of a parabola located at some point (h,k) other than the origin 
the same equation analysis presented earlier applies. However, the x and y 
in the equation are replaced by x - h and y - k, respectively. ^ 

Examples. 



5.4 Sketch the graph of the parabola (y - 6) = 24(x + 1) . 



38 
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Step 1. The form of the equation indicates the vertex is 
no longer the origin* Writing the equation as 
(y - 6) 2 - 24- (x -(-3)), the vertex is (-3,6) and 
4p «.24 or p 6, 

2 

Step 2. (y - 6) in the equation implies the branches extend 
up and down and p being positive means the parabola 
opens to the right. 

Step 3. The focus is 6 units to the* right of V (-3-6) at 
F (3,6). The directrix is the vertical line 
x » -3 - 6 or x 8 -9. 

Step 4. ^Let x * 0 to fin^ the y-intercepts of the parabola 
for placement of the branches in the sketch. The 
y-intercepts are ±6/2 + 6 or approximately 14.5 and 



-2.5, 



Step 5. 



+4 



Vertex 
V (-3,6), 



I I I I I I P 



x = -9 



Figure 3.16 



Focus 
F (3,6) 



I I I I I I I I I 1 I I I 



Write an equation of the parabola with focus F (-4, -J) and 
directrix y ■ 3 and sketch its graph. 



Step 1. The focus lies below the directrix. The parabola 
opens downward. The equation has the form 
(x - h) 2 - 4p(y -.k). , 



Step 2. The distance from the focus to the directrix is 6 

units. Thus, the vertex is 3 units above the focus 
at (-4,0) and p = -3. 



«p 3. Substituting V (-4.0) and p »-3 iritSo 
\ for» give* (X ♦ 4) 2 — 12y. ■ 




the standard 



V 




Figure 3.17 



5.6 Determine the focus, vertex and directrix of the parabola 



whose equation is 4x - y 2 - 4#' 



4x and 

/ 



Step 1. Express the equation In the form y + 4y 
conplete the square for the y variable. 

(y 2 ♦ 4y ♦ 4) « 4x + 4 

(y + 2) 2 - 4(x + 1) 

Step 2. The vertex is V (-1,-2) witli|4p « 4 or p » 1. 

Step 3. Since y is the squared variable and p is positive, 
the parabola opens to the right. Knowing this, the* 
focus is 1 unit (p ■ 1) to the right of the vertex 
at (0,-2 )\ «ie directrix is the vertical line x - 



^ Exercise Set 5 

Determine the focus, vertex, and equation of the directrix for the 
parabola with the given equation and sketch its graph. 



(a) 
(d) 



y 

(x 



lOx ♦ (b) 
4) 2 ^ - 4 (y - 5 ) 



» -2fly (c) y 4 

(e) (y + 6) 2 - 12x 



-x 
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2. Write an equation/ for the parabola satisfying the given conditions. 



(a) V (0,0); F (0,3 )• 

(c) P (0,-2); directrix y 0 = 2 

(e) V (-4,6); directrix x = 1 



(b) V (0,0); directrix x= -10 

(d) V (5,3); F (10,3) 

/ 1 

(f) F (-5, 2); directrix y = -10 



3. Assume that a cable in the, shape of a parabola is supported on . level 
ground by two pillars, 80 meters high and 200 meters apart. The lowest 
point on the cable is 20 meters above the base of the pillars and mid- 
w<- between them* How high is the cable above the ground at a point 30 
'raeterr from a pillar? 

Paction 6 - The Ellipse 

An ellipse is a set of points which satisfies the following condition; 

4 Hie sum of the distances from two fixed points to any point 
of the ellipse is constant. 

In Figure 3,18, the point P, on the 
ellipse i's a distance d^ and d 2 from 
two fixed points F^ and F 2 with 

+ d 2 - k, a constant. Another 
point P 2 is a distance of e^ and e 2 • 
from and F 2 , respectively. By 
definition, e. ♦ e 2 = k. 
v • 

Important quantities associated with 
the ^ellipse and represented in Figure 
3.19 are described below. 




(1) fcach of the fix^d points F (-c,0)_ 
and F (c,0) is a focusj oitrtfr^^ 

. Ihe plural of focus is foci . 

(2) The two vertices V 1 (-a;0) and 
V 2 (a,0) are the intersection of 
the felli»pse and the line passing 

1 through the foci. 

t (3) The center C (0,0), is the mid- 
point of FjF 2 . 



(4) TJie line segment is the major 
axis , 2a in length. . 

(5) The minor axis is the line segment 
joining (0,b) and (0,-b) , the point 
where the ellipse intersects the 
y-axis. 

(6) The relatibnship^amonn the coordinatciS 
a, b, and c is a » b^ ± c 2 . 



V 1 (-a,0) J 



Vertex 



y 2 (a,0) 




Figure 3.19 



Vertex 



kmc 



41 



The standard equation of an ellipse whose foci lie on the x-axis with 
center C (0,0) is 

2 2 

*2 + ^2 « 1 "hert a > b . 
a b 

The standard equation of an ellipse with fodi on the y-axis and center 
C (0,0) is 

2 2 2 2 

2- + 3L. m l where a > b . 
,22 * 



Examples. 

6.1 Find the foci, vertices, center, and lengths of the major 
and minor axis of the ellipse x^_ . y 2 , 

36 + 9 = A " 
Sketch the graph of the ellipse. 

2 2 

Step 1. Since 36 > 9, a =36 and b = 9. Thus, a = 6 

and b * 3. The vertices are V 1 (-fc,0) and V 2 (6,0). 
The center is C (0,0). 

Step 2. From a 2 = b 2 + c 2 ; c 2 = a 2 - b 2 = 36 - 9 = 27 and 

C = /21 = 3/3. The foci are F ± (-3> / 3,0) and F 2 (3/3,0) 

Step 3. The major axis is 2a = 2-6 = 12 units long. 

The minor axis is 2b = 2.3 = 6 units long. 

Step 4. 




Figure 3.20 



42 
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6.2 Write an. equation pf the ellipse having its center at the origin , 
a vertex Vj (0,-15) and a focus P 2 (0,10) • Sketch the graph 
of the ellipse. 

Step 1. Prom V (0,-15), -a = -15 or a = 15. From the focus 
F 2 (0,10), c * 10. 

Step 2. Since a 2 » b 2 + c 2 , 15 2 = b 2 + 10 2 and b 2 = 125. 

Step 3. Because the foci lie on the y-axis, the ellipse is 

elongated in the vertical direction with the equation 



J 



125 225 



= 1 



Step 4. 




Figure 3.21 



V x (0,-15) 



6.3 Sketch the graph of the ellipse 9x 2 + 81y 2 ='100. 

Step 1. In an effort to express the equation in standard form, 
divide both sides of the given equation by 100. 
thus , 

22L. + §i*i = i 
100 100 



Step 2. Multiply the numerator and denominator of the term 

9x 2 /100 by i and, similiarly, the numerator and 

9 2 1 

denominator of the term 81y /100 by ttt . The final 

form is 

2 2 



81 



100 
9 



100 
81 



43 
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10 



Step 3. By inspection, of the above equation, a = -r- and 

b = IP. . 
9 



/ 



Step 4. 



/ 



/ 




y 



3 



to. - $ 



Figure 3*22 

If the center of an ellipse is located at some point (h,k) with its vertices 
and foci on a horizontal line, the standard equation of the ellipse Is 

1 _zJH 2 + iy_^joi . l wherea 2 > b 2 . 

a b 

If the center is (h,k) and the vertices and/or foci lie on a vertical line, 
the standard equation of the ellipse is 

izjLjai + jy^joi = ! where a 2 > b 2. • 



Examples. 

2 2 

6.4 For the ellipse ~** ~ 4 ^ * (y * 2) - If write the coordinates 

107 JO 

of the center, vertices, and foci. Determine the lengths of 
the major and minor axes. Sketch the graph of the ellipse. 

*fetep 1. The center is C (4,-2). 

2 2 
- Step 2. Because 169 > 36, a » 169 or a = 13 and b « 36 or 

b « 6^ The vertices are 13 units left and right of - 

the center on the horizontal line y % « -2. The 

vertices are V (~9,-2> and V (17,-2). 




Step 3. 



Step 4. 
Step 5. 



c 2 » a 2 - b 2 = 169 - 36 * 133. Thus,, c = /l33. 
The foci are /133 units left and righ t of the center 



at F 1 (4 - /L33,-2) and F 2 (4 + /133,-2) 

The major axis is 2 • 13 « 26 units long. The minor 
axis is 2 • 6 = 12 units long. 




6.5 An ellipse -has vertices V M-3,11) and V 2 (-3,1). The minor 
axis is 6 units long. W^iteSan equation of the ellipse and 
sketch its graph* 



Step 1. 



Step 2, 



The 



The vertices lie on the vertic al li ne x = -3. 
major axis is the line segment VjV 2 whose length is 
10 units. Thus, a - 5. 



The center is the midpoint of the major 
coordinates (-3,6) . 



t 



s with 



Step 3. From the minor axis length 6, b = 3. 

Step 4. The equation is 

(x t 3) 2 (y - 6) 2 = 

9 25 *' 
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Figure 3.24 



Exercise Set 6 



Sketch the graph of the given ellipse. Label the vertices and foci. 



(a) Too + *f ar 



(c) 



(e) 



36x 
49 



49 ^ 4 



(b) x 2 + .^=l 



(d) x 2 + 25y 2 = 625 
CO f^t^ 1 '^ 



Write an equation of the ellipse satisfying^the given conditions. 

(a) C ft),0); V 1 (8,0); minor axis 4 units long 

(b) Major axis 7 units long coinciding with the y-axis; 
Minor axis 4 units long; C (0,0) 

(c) V x *-9„0); V 2 (9,0); F x (-7,0) 

(d) C(0^)i V x (-9,0); passes through (0,-4) 

(e) C (4,7); V ± (0,7); minor axis 2 units long 

(f) C (0^8);^ F 2 (0,-4); V 2 (0,-3) J 

(g) V 2 (3,12); V x (3,4); Fj.0,5) 



46 



f 
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Section 7 - The Hyperbola 



A hyperbole is e set of points in which the positive difference between the 
distances fro* any point of the hyperbola to two fixed points is constant. 

This definition is illustrated for two 
points P x and P 2 oh a hyperbola in Fig- 
jure 3.25. The point P, is at distances 
ot &i and d 2 frosi the fixed points W 1 
end respectively. Similarly, l> 
lies e, and e 2 units from F x and F-, 
respectively. By definition of the 
hyperbola, | d x - dj-l^ - e 2 |* k. 

^ Important ideas associated with the 
. hyperbola are shown in Figure 3.26 and 
described telow. 

(1) The two fixed points F (-c,0) 
and F 2 (c,0) are called foci . \ 




Figure 3.25 



(2) The vertices V x (-a,0) and V 2 (a,0) are the points of intersection ""of 
the hyperbola and the x-axis. « 

(3) The center C (0,0) is the midpoint* of the line 0 segment joining the 
vertices.' 

(4) The transverse axis is the line segment 2a units long joining the 
vertices. 

(5) The conjugate axis is the line segment 2b Units long joining the 
k points <0, b) and (0,-b>. 

16) For large values of |x|, the •branches' of the hyperbola approach two 
lines called asymptotes . Equations of the asymptotes are v « k x and 



/ 



X. 



(7) The reference rectangle is used to sketch, the graph of a hyperbola. 

Its dimensions are 2a and 2b. The asymptotes pass through its vertices 
and intersect at the center of the hyperbola. 

/ y/ * v 

(8) The relationship among the constants a, b, and c is c 2 « a 2 + % 2 , 
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Figure 3.26 



The staniaro equation of a hyperbola with its center at the origin and 
foci onJ£*»e x-axis is 

2 2 

VV 1 - 

a b 

The standard equation of a hyperboJLa with its center at the origin and 
foci on the y-axis is 

2 2 

2 K 2 lm 
a b 

' /» 

Examples . 

> 2 2 

7.1 The hyperbola *j - J- - 1 has 

(a) verti ces V (-5,0) and V 2 (5,0) and transversa axis 
Vjy 2 of 10 units. 



(b) a conjugate axis .from (0,2) to (0,-2) of length 4 units 
(c) 



2 2 2 

foci F (-/29,0) and F, (»^29,0) determined from c -a +b 
where I 2 « 25 and b 2 =^4. 



< 2 2 

(d) asyaptotes whose equations are y = j x and y = - ~ x. 

(e) the graph shown below. 



ERIC 
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( 



Figure 3.27 
2 2 

7.2 The hyperbola ^jg- - ~j = 1 has 



4a) verti ces V 2 (0,10) and V (0,-10) and transverse axis 
V 1 V 2 of 20 u " itB *"T ^ 

(b) a 16 unit long conjugate axis from (-8,0) to (8,0). 

(c) foci F 1 (0,21/41) and F 2 (0,-2/iI). The y- coordinat e 
of a focus point is c or^bJ: found by c = /100 + 64 

\ 5 5 

(d) asymptotes whose equations are y = — x and y = - — x. 

(e) the graph in Figure 3.28. 




U"" 



Figure 3.28 



If the center of a hyperbola has the coordinates (h,k) with a horizontal 
transverse axis, the standard equation of the hyperbola is 

• (x - h) 2 (y = k) 2 _ ' 

2 " k 2 
a b 



If the center of a hyperbola has the coordinates (h,k) with a vertical 
transverse axis, its equation in standard form is 



(y - k) 2 (x - hV 

2 ' 2 
a b 



er|c 
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Examples. 

7.3 Write the coordinates of the vertices^ foci, and center and 
sketch the graph of < x _ 5) 2 (y + 4^ 

16 ~ 

Step 1. The center is C (5,-4). 

2 A - . * 

Step 2. Since a * 16 and a « 4, the vertices are 4 units 

to the right and left of th* center \on the hori^tal 

line y * -4. The vertices are V x (17-4), and V^\9,^4) . 

2 2 2 

Step -3. ^o find ,c and -c, coordinates of the foci, c = a* + b 
m J6 + 49 ■ 65. Thus, c * ^65 and -c - -/65. The 
foci are F- (5 - £5,-4) .and (5 + ^65, -4) . 



Step 4. The graph 



/ 



ERIC 




7.4 The graph of 



Figure 3.29 
,(y.-,3) 2 (x - 4) : 



1 is 




Figure 3.30 

50 



A special form of an equation of a hyperbola is xy ** k . 

If k is positive, the hyperbola lies in the first and third quadrants with 
foci on the line y ■ x. 

If k is negative, the hyperbola lies in the second and fourth quadrants. 
T^e foci lie on the line y - -x. 

Example. 

7.5 Graph the hyperbola xy = 6. 

* Step 1. Express xy * 6 in the form y ■ — to facilitate 

completing a table of values. Knowing that the 
graph is a hyperbola, fewer points than normally 
are required to locate a graph will be used. 



Step 2 




Figure 3.3i 
Exercise Set 7 



A 



1. Determine the vertices, foci, and centet of each given hyperbola 
and sketch its graph. 



2 2 



(b) 



2 



(c) 



64 



* e ' 49 9 



2 


2 






25 


-r- 1 


(f) 


xy - 3^ 
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2. Write an equation of a hyperbola satisfying the following donations . 

(a) V 2 (4,0); C (0,0); ? 2 (5,0) 

(b) V x t0,12); V 2 (0,-12)i C (0,0); conjugate axes 16 units long 

(c) Passes through P (-1,4); asymptotes are the coordinate axes 

(d) F 2 (0,10); C (0,0); transverse axis 8 units long 

(e) C (3,5); Fj (-3,5); a = 5 

(f) V 2 (3,4); F 2 (3,7); transverse axis 8 units long 



6 

ERLC 
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CHAPTER IV 
GRAPHS OF THE TRIGONOMETRIC FUNCTIONS 



Section 1 - Graphs of y » a«sin b6 and y = avcos b6 

The trigonometric functions have been used primarily in dealing with appli- 
cations of right- triangles and vectors. In this chapter, the graphs of these 
functions will be considered. 

The graphs of the' sine and cosine functions can be determined in the same 
algebraic way as most other graphs of functions . That is, a table of values 
is completed, points of the graph corresponding to entries in the table are 
plotted, and a smooth curve is passed through the points. 

, Examples. 

1.1 Graph y = sin 8^ 



Step 1. A table of values is completed for 0° < 0 < 360° 
at intervals of 30°. The corresponding values of 
sin 8 a^e found using a calculator. 







|30_| 


60 


90 1 120 1 


150 1 180 I 210 


240 


270 


300 


330 


360 


sin 6 




j.50 


.87 


l.Otlj .87 


.50 | 0 |~.50 


-•87 


-1,00 


-.87 


-•50 


0 



Step 2. The graph of y ■ sin 8 is the "smooth" curve which 
joins the points plotted from the table. 




Figure 4,1 



i 

Step 3. Because the values of sin 8 repeat every J60 , the 
graph of y a sin 6 goes through -one complete oscil- 
lation every^ 360°. The graph from Step 2 is extended 
to include all values of 8. 
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Figure 4.2 

1.2 Graph y = cos 6. J 

Step 1. A table of values is completed for 0 < 8 < 360 



o 



at intervals of 30°. The corresponding values of 
cos 8 are found using a calculator. 





0 I 30-4 60 I 90 j 120 1 


150 1 180 J 210 


I240J 


270 1 300 


330 360 


cos 9 


1.00|.87|.50| 0 (-.50 


-.87 |-1.00| -.87 


-.50 


0 J.500 


.87 |1.00 



Step 2. The graph of y = cos 9 is the "smooth" curve which 
joins the points pitted from the table. 




Figure 4.3 



Step 3. 'The values of cos 6 repeat every 360°. extending 

the graph to include all values of 6 results in the 
graph of y = cos 9 giver* below. 



\ 







y 










i 


y = cos © 

■ * { i V ■ 




f -ko-270-l l 80 


7-90 


90\ 


180 ^ 270 360 450 5"40 ( 








-1 . 


• 





Figure 4.4 

The graph of y = sin 0 can be determined geometrically as outlined below. 
Example. 

♦ 

1.3 Graph y = sin 

t 

Step 1. Place a circle of radius one unit, called a unit circle 
in the coordinate plane as in Figure 4.5. * ^ 




Figure 4.5 
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Step 2. As the radius r of the circle rotates counterclock- 
wise from the standard position at 0° to some ter- 
minal position, it forms an angle 6. The y-coordina^e 
of the endpoint P , (x,y) of the radius is the value ^.f 
sin 6 where the radius is 1 unit. It follows that 



<ic 1 

Step 3. To gra)>h y = sin 6 for N 0° < 9 < 90°, selected points 

P (x,y) on. the circle are projected to the corresponding 
8 value on the 8-atxis. See Figure 4.6. A projected 
point has the coordinates v (6 ,y) and lies on the graph 
of y* = sin 9. . 




e 

% 



Figure 4,6 



Step 4. For clarity, the graph of y = sin 8 through quad- 
rants II, III, and IV are shown separately. 




5C 
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- e 




360 




» Figure 4.7 

Step 5.^ The ^raph of. y = sin 9 appears in Figures 4.1 and 4.2, 

The function values of sin 8 and cos^ repeat every 360° or 2tt radians. 
These functions are said to have a period of 27T., In 'general, if P is the 
smallest positive number for which a function F(x) * F(x + P) , then P is 
called the period of F. 



The graph of a function over an internal of one period is an osci/llati on . 
The graph of the sine function completes 3 cycles over an .interval of 6tt 
radians. The cosine function coropletes\l/2 cycle in tt radians. 

The range of values of both the sine and cosine functions is from -1 to 1, 
If these values are multiplied by some constant a, the values of 
a*sin 0 and a •cos 8 range from -a to a. IffeXnumber |a| is called the 
amplitude of the function. 

Examples. 

1.3 y * 2 sin'8 

amplitude = 2. 




Figure 4.8 
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1 * 

1.4 y ■ - r • cos 

d 1 
amplitude = — 



y =-h-cos 6 




Figure 4.9 

Consider the function y * sin 20. As 0 ranges from 0 to 2tt, twice* the 
angle 6 or 29 ranges from 0 to 4tt. Thus, sin 20 con*>letes 2 periods for 
0 < 0 < 2ir making the period of sin 20 equal to tt. f The graph of y = sin 20 
completes 2 cycles every 2tt radians or one cycle every tt radians. 

In general, if y = s^n b0 r the period is jp- or the period of sin 0 divided 
by b. The graph y = sin b0 cxaipletes b cycxes every 2ir radians. Similiarly, 
if y * cos b0, the period is gL and its graph completes b cycles in one 
revolution. 

Examples. 

IT 

1.5 The function y = sin 46 has a period of 2ir * 4 or - radians. 

The graph completes 4 cycles per revolution. \ 



y = sin 0 



-•I 



= sin 



40 



I-7T 






lir 1 


ITT 1 




ran 


/ 2 


1/7 


•1 


I 2 


1 I * ' 

v\ 


> 1 2 




F 


igure 


4.10 









•IT i 



q \ negative value of 'a 1 inverts the graph. 
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1.6 The function y = 2 cos -jG has a period of 2tt t — or 6tt. Its 
graph Completes i cycle every revolution with an amplitude 
of 2. 




Figure 4,11 



1.7 The vertical* displacement y in centimeters of an object oscil- 
lating at the end of a spring is / ■» 2 sin 37Tt where t l is in 
seconds. Sketch the graph of displacement versus time for 
0 < t < 1. 

2tt 2 

Step 1. The period is — = — radians (approximately 38.2°). 
The amplitude is 2. . 

Step 2. On a coordinate system, the value of t = 1 represents 
1 radian of angular measure. The graph y = 2 sin 3trt 
will complete one cycle every ^ radians (or y seconds) 
and 1.5 cycles in 1 radian (or 1 second). 

Step 3. The graph of y,= 2 sin 3?rt is 
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Sxercise Set 1 



1. Sketch the graph of each function for 0 < 9 < 2tt. 



(e) y « 3 sin 6 



(b) y « J cbs 8 



(c) y * -4 sin 9 



2. Sketch the graph of the given function for 0 < 0 <;6ir 



(a) y » sin 30 



(d) y » 4 sin — 0 



(b) y 
(e) y 



-COS J 0 



(c) y » - sin 0 



3. Write an equation of the form y » a sin b6 given the following. 



(a) 



(b) a « -| 
P = 60° 



(c) a - -3 
P = Sir 



(d) a - 1 
P « 2TT 



, A tt 40 cycle" alternating current oircuijt has current i at tine t given by 
i = 5 sin 80irt where i is in anperes and t i'fcjfcn seconds. Graph this 
function for 0 < t < 0.1. ^ 

. ' A - ^ - 

Section 2 - Gratis of y» a^sin (b0 + lz) frnd^y^T a- cos (b0 ♦ c) 

The previous section presented, variations in^he amplitude anrt period of 
the graph of y ■ a sin bd parsed hv/dxf ferent Values of a and b. A third 
type of change occurs by introducing the constant c to form the function 
y » a sin (bB + c). ^To see thjr effects of c uponNh^ graph, consider the 
example* below. 



Example. 

2.1 Sketch the graph of y « sin (20 + 60°) where a 



and c - * 



^o 



Step 1. A table of values is prepared for 0 < 0 < 180 at 
intervals of 15°. 



e 


0 


15 I 


30 


45 


60 


75 


90 j 


105 


120 


135 


150 


165 


180 


28 + 60 


60 


90 


120 


150 


180 


210 


240 


270 


300 


330 


360 


390 


420 


y 


.87 


1.0C 


.87 


.50 


0 


-.50 


-.87 


-1.00 


-.87 


-.50 


0 


.50 


.87 



Step 2. Plotting the points from the table, the graph of 
y * sin (28 + 60°) is compared to the graph of 
y - sin 28. v 
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y - sin 20\ y = sin (28 + 60 ) 




Step 3. 



Figure 4.13 

The graph of y = sin (20 +*60°) is the same as 
the ^rjtph of y = sin 20 except that it is shifted 




(displaced) 60° t 2 or 30 to the left, 
general, the graph of y = a*sm 



(b9 + c)* is the same as the graph 



y » a.sin b8 except that it is shifted t 9 the left g if c is positive 
right | if c is negative. The quantity | is calleS the displacement 

Examples. 

2.2 Determine the amplitude, period, and displacement of 
V \= 3»sin (20 - 1) and sketch its graph. 
2 



Step 1. Amplitude « 3, perio£ 
^ - J ' 2 = " " 



ment is 



27T 

= 2~ = *: 
to the right. 



and the displace- 



Step 2. By lightly sketching the graph of y = 3#sin 20, 

the desired graph can be found by displacing this - 
graph \ units to the right or, equivalently , moving 
. ^the y-axis - units to the left and relabeling the^ 
coordinates on the 0-axis. 



♦This statement applies to the cosine function as well. 



X 
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« > 



Figure 4.14 

2.3 Graph y « -2»cos 9 + |/ and state the aa*>litude, period, 
and displacement. 

Step 1." ABlitude * 2, period *2f Tj»4t f and displacement: 

• »i f I = UL to the left. 
3 2 3 

Step 2. The graph * 



* ' 1 * 


f y * 

----- . t _ 

. 2 


X -ir 


f TT 21T V 37T 




• r 2. 



Figure 4.15 



2.4 Write an equation of the form y * a-cos (bx + c) if a * -2, 

P ■ 5" 9 and the displacement is L - 

2 ♦ 3 



2ir _ . 2ir _ . ir - 

Step 1. Since P = — and b« — ,b«2iTTj»4. 



Step 2. The displacement \ = r ^ ere b » 4. Thus, c * 4 • j 



4TT, 



Step 3. The equation is y * -2*cos (46 + — * • 
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Exercise Set 2 \ 



. \ 

1. State the amplitude, period, and displacements of the given f unctions. \ 

v \ 

1 1 * A" 

i4) «-y = sin 0 (b) y * 4 sin (30 - it) (c) y-j cos '-8 - jl 

2. WridSfe an equation of the form y - a gos (be + c) of x the function having 
the following properties. 

(a) a * If^P - IT; displacement j to the right 

(b) a = -2; P = 4iT; displacement tt to the left 

( c ) a = P ■ 60°; displacement 15° to, the right 

3. Sketch the^graph of each function, 
(a) y = sin (0 - \) (b) y = 2 cos (20 + 60°) 



\ 
\ 



2 

v 2 

Section 3 - Graphs of y ~ tan 0, Y cot 6, y - sec 0, y - esc 0 



(c) y = -cos (|8 - it) (d) y = j s*n (6 + 4ir) 



The graphs of the trigonometric functions not already presented are included 
in this section. Also included are graphing techniques which can be used 
to find the graph of a function from its reciprocal. In this way, the. 
graphs of y = cot 8 , y = sec 8 , and y = esc 8 are determined from the graphs 
of y = tan 8, y = cos 8, and y « sin 8, respectively. 

Example. 
i 3.1 Graph y - tan 8. 
. ' " .Step 1. Form a table of values for 0 < 8 < 360°. 



8 1 


I 0 1 


1 30 1 60 1 


| 90 I 120 : • 150 | 180 1 210 1 




I 27 °l 


i 300 i 


1330 1 


[360 


tan 8 1 


1 0 1 


| . 58 1 1.73 1 


| - 1-1.73. -.58 | 0 1 .58 | 


m 




-1.73 1 


|-.57l 





Step 2. Plot the points from the table and connect them with 
a" smooth" curve. | 
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Step 3. 



Figured 16 

The vertical lines at 9 = 90° and 9 = 270° are 
called asymptotes . The graph of y * tan 9 approaches 
the asymptote 9 = 90° as 9 assumes values close to 90 c 

Extending the graph above to include all values of 9, 
the graph of y = tan 9 appears in Figure 4.17. 



/ 

J I 

/ 1 

/ 1 






t £ 

* M 


-2TT 




f i 


Jtt X2ir 
2/ 



Figure 4.17 

The period of the tangent function is 360° or 2tt radians. It has no 
amplitude. 

To arrive at the graph of a trigonometric function from the graph of its 
reciprocal, certain notions about function values and their reciprocals are 
needed as well as some helpful notation. Listed below are some "variable 
behaviors" an'd the symbolism used to denote this behavior. 

(1) Valued/of y approach zero through positive 

numbers (from^he right, graphically) y-*0 

(2) Values of y approach -4 through values less 

than -4 (from the left, graphically) y-*-4~ 

(3) Values of y increase without bound i y-*+<» 

(4) Values of y decrease without bound < y-*-co 

(5) Values of y approach seven from left and right y-*7 



\ 



Some ideas relating the values of a variable and the corresponding values 
of its reciprocal are: 

, - (2) y--8-, 



(1) 



(3) y + 0 , - +« 

i y 

+ l 

(5) y + 1 , - 1 



(4) y + 0 , - + - 00 



These ideas can now be applied to find the sketches of the secant, cosecant, 
and cotangent functions. 



Examples* 1 

3.1 Graph y = sec 8. 

Step 1. Lightly sketch the graph -of y = cos 9. As the values 

of- cos 8 range from -1 to 1, the corresponding values 
of their r^piprocals (values of sec 8) behave according 

to the notions above. Representing these graphically 

leads to the y - sec 9 graph. 



y»sec8 




Figure 4.13 

3.2 Graph the function f^jj^ given the graph of y = f (x) in Piguro 4. 




Figure 4.19 



Step 1. A sketch of y = -ffa) *°H° WS in^cliately from the reciprocal 
relationships. See Figure" '4. 20 



y = f (x) 




Figure 4.20 
Exercise Set 3 



Complete the following. 



(a) y * 5, - + 



Jc) / - 1, ± - 
(e) y - -2', i 



(b) y 



3_ 1 
10 ' y 



(d) y - - 4 + , i * 



(f) y + - * 
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2. Sketch the graph of y » esc 6. 

3. Sketch -the graph of y » cot 6. 




r 
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CHAPTER V 
COUNTING AND PROBABILITY 

Section 1 - Counting: The Multiplication Principle 

The solution of many probability problems depends a great, deal upon the 
ability to count the number of ways .something can occur. This ability to 
count stems from two basic principles: The multiplication principle , 
presented in this section, and the addition principle of Section 2. 

Examples! 

i 

v l.l How many 3-digit numbers can be formed using the digits 

1, 5, 8, and 9 if no digit can appear more than once in the ^ 
number? \\ 

The following is the "tree diagram" of the possible 3-<jligit 
numbers. A stepwise construction of the tree follows*: 




Stage 1 1 



Stage 2 5 8 9 1 8 9 1 5 9, 1 5 8 



AAA A 1 



\ 

Stage 3.. .89 59 58 8 19 19 18 ^ 9 19 15 58 18 15 
158 159 etc. 

Figure 5.1 



/ 



Step 1. Each stage 6f th^ tree diagram lists the possible 
digits for one place position in a 3-digit number 
v branching from the possibilities in the previous 
stagy 

Step 2 V A path in the tree constitutes one of the possible - 
^ 3-digit numbers, 

Stepfc?. The 24 paths give the total 3-digit numbers possible 



Two bolts of different lengths are threaded using three 
different types of threads. Either a square or hexagonal 
nut with appropriate threads is used with a bolt. How many 
different combinations of bolts and nuts are possible? 

Step 1. A tree diagram can illustrate the various combina- 
tions. Let b^ and represent bolts, t^, t 2 , and 
t^ be threads, and n^ and n^ be nuts. 



Stage 1 



( y 3 n i 

^2 




m ■ (b 2 t 1 ^ 1 

n 2 (b 2tl n 2 



- n l (b 2 t 2 n l 



(b 2 t 2 n 2 



^n 2 (b 2 t 3 n 2 



Figure 5.2 



* 
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Step 2 • Stage 1: Possible bolts ^ 

Step 3-' Stage 2: Possible threads for each possible bolt 

Step 4 - Stage 3: Possible nuts for each possible order of 

bolts and threads. \ 

Step 5. The 12 paths of the tree diagram represent the total 
possible corafoinations of bolts, nuts, rod \ threads. 



, ^n< 



What happens when the number of selections becomes so great t||at a tree dia- 
gram is no longer practical? The above examples illustrate t^e multiplication 
principle of counting which says 

"If a selection can be made in p wayp and another selection in 
q ways, then both of the selections ban be made p - q wayp." 

This principle, abbreviated MP, can be extended to include mojre than two 
selections. See examples 1.3-1.6 below. 



\ 



/ 



Examples. 



1.3 In example 1.1, the number of three-digit numbers can be found 
using the MP. The first choice of a dig\t caiV be done in 4 
ways, the secpnd in 3 ways, and the third' in 2 ways. By the 
MP, the total number of ways is 4 • 3 • 2 = 24. 

1.4 The number of combinations of bolts, nuts, £nd threads in 
Example 1.2 is 2 - 3 - 2 = 12 by the MP* / 

/ 

1.5 How many different identification plates kre possible if each 
plate has two" letters from the English alphabet followed by 
three digits. The letters may.be the sajne but a digtt can- 
not appear twice. ' 

Step 1. By the MP, the total number of different ide-*:ifi- 
/ cation plates is 26 • 26 ■ 10 • 9 ■ 8 = 486,720. 

1.6 How many odd counting number? are there between 30,000 and 
40,000 if no digits are repeated? 

Step 1. Determine the number of ways of selecting a digit 
in the restricted positions first. 

Place-Value No. of Ct.oic? r Explanation 

ten-thousands 1 the digifc 3 

ones 4 choices are 1, 5, 7, or 9 

tens 8 no repetition 

hundreds 7 no repetition 

thousands ,6 no repitition 

Step 2. By the MP, the number of odd counting numbers is 
© . ' 1 • 4 • 8 • 7 • 6 - 1344. 



70 
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Exercise Set 1 

1. If six. technicians misplace four handtools each, how many items are 
lost? 

2. How many 3-digit numbers are there? Do not consider 036 = 36 or 
007 = 7 to be 3-digit numbers- 

3. How many odd nutabers are there between 200 and 600? 

4. How many different identification plates using 3 letters from the 
English alphabet are possible if 

(a) no letters repeat? (b) repetition of letters is allowed? 

5. A coin register contains 7C in pennies, 80C in nickels , and 70£ in 
dimes. How many different sets of coins make the following amounts 
'if the least number of coins is used? 

(a) 3C (b) 6C (c) Il<- (d) 19C (e) 47C 



Section 2 - Counting: The Addition Principle i * 

The multiplication principle involves the number of ways two or more selec- 
tions can be made. A second type of counting process is used when one 
selection is to be made but there is more than one way to make the selection. 
The addition principle pf counting , abbreviated AP, says that 

"If a selection can be made in p ways or q ways, the total num- 
ber of ways ''to make the selection is p + q ways." 



Example. 

2.1 h new car is to be purchased from LUXURY MOTORS which has 

73 cars in stock or MINI MOTORS which has 46 cars in stock. 
The new car selection can be made in 73 + 46 = 119 ways 
according to AP. 



Section 3 - The Multiplication and Addition Principles Together 

Counting can involve both the MP and the AP. The AP is for one selection 
and the MP is used in cases of two or mbre selections. Be alert for the 
key words "and" and "or". These word£\J*re usually translated as "times'* 
and "plus" , respectively. p 




, '/ 

// 



Examples 

3.1 Two selections are being made. The first selection can be 
made in m or n ways and the second in p, q,>or r ways. The 

number of ways the selections can be made ijfs (m + n) • (p + q + r) 

i 

3.2 How many positive integers with at least /three digits can be 
formed using the digits 3, 5, 6, 7, or ^ without repetition. 



Step 1. Three, four, or five digit numbers are poss^ 

Interpret this as one selectionj^bi^h^cSv be done^ 
in three ways. Apply the AP. • 




Step 2. The three digit number is formed using three selec- 
tions of digits, four digit numbet using four .selec- 
tions, etc. Apply the MP. 

Step 3. The .total number of integers is 5 • 5 • 5 + 5 • 5 • 5 4 5 
+ 5 • 5 • 5 * 5 • 5 « 3875. fr 

3.3f Determine the number of identification cards possible if ex- 
\ actly three digits or exactly two letters are used without 
Repetition. 

p ^ \ 

Step 1. The identification numeral is selected using either 
digitr or letters. Use the-AP. 

Step 2. The letter numeral requires two selections and the 
digit numeral requires three selections. Use the 
MP. 

Step 3. The total number of cards is 26 • 25 + 10 • 9 • 8 = 1370. 

o 

3.4 Product M is available in 3 models and product N comes in 5 

models. Nine different colors are used in ma 1 ing M and 7 colors 
used in manufacturing N. There are 3 • 9 + I • 7 = 62 dif- 
ferent models and colors of products. 



Exercise Set 2 

\ 

I. How many different integers can be formed using the digits 1, 2, 4, 5, 
and 9 if the integers have 

(a) no more than 3 digits and repetition is allowed? 
Mb) no more than 2 digits and repetition is allowed? 
(c) at least 3 digits with no repetition? 



72 



1 
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2. How many telephone numbers can be formed usincj 2 letters and 5 digits 
if no letters or digits, repeat? * 

3. There are 4, 6, and 2 models of each of the products A, B, and C, 
respectively. Product A coines in 7 colors, B in 5 cplors, and C in 10 
colors- Each color can be chosen in either flat or enamel paint. How 
many different selections of kinds of product are possible? • 

Section 4 - Permutations and Combinations 

f 

Counting the number of ways in which selections can be made depends upon 
whether the selections are made with regard to the order of each selection 
or without regard to the order of each selection. 

Examples v 

4.1 If 2-4igit numbers are formed using the digits 5, 8, and 9 
without repetition, the number of ways this can be done is 6. *• 

/ The-possible selections are 58, 85, 59, 95, 89, and 98 where, 
^ of course, 58 ? 8#; 59 I 95, and 89 ¥ 98. 

On the otefcer hand, selecting 2 digits frgm among 5, 8, and 9 
where order of the digit-selections is not important yields 
58, 59, and 89. . The pair 58 is considered the same as the 
pair 85 and it is counted only once. ' 

4.2 A nine member baseball team is required to bat 'in a special , 
order. Tfcere are 9 • 8 • 7 • 6 • 5 • 4 • 3 • 2 • 1 = 362,880 
different batting orders possible using the MP. . ; 

' 4.3 The announcer of a basketball game introduces the five players 
one at a time .with order. There are 5 ■ 4 • 3 ■ 2 ■ 1 = 120 
ways to do this. If the announcer decides that the order 
of the player introduction/ is not needed, he (she) makes one 
introduction of all f rvkj/layers as a team. 

As seen in example 4.2, the producl^ - 8 • 7 • 6 • 5 • 4 • 3 • 2 • 1 
can be very awkward to express. This jfroduct can be written as 9., called 
nine factorial-. Thus, 9! = 362,880. ^ 

In general, if n is a positive integer, then n f actor Mis written 
nJ = n . ( n _D . (n-2)... ■ 4 ■ 3 ■ 2 ■ 1. For n equjgf **ro, 0. 




o 7u 
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Examples 



4.4 The value of 7! is 7 # 6 • 5 



1, = 5040. 



4.5 A large factorial number has a smaller factorial number as ^ 

a factor. Thus, 12! has the factors 11!, 10!, 9! , . . . ,3!, 2! , and 
1! . To express 10! as a factor of 12!, write 12! - 12-11-101. 



"4,6 Evaluate 



Step 1. 



13! 4! 

10! 5! 

13! 4! 

10! 5! 



13-12-11-10!'# 
10! 



y v * 

A permutation is an ordereg arrangement 
of things. If the things. are determined 
by a .selection procedure, they must be 
selected one at a time to establish the 
order required of a permutation. 



Exanple # 

4.7 Three letters are to be 
selected from among a r b, 
c, and d. If 3 selec- 
tions of 1 letter each 
are made, all possible 3- 
member permutations are 
listed below. < 



= 343.2 



inordered ^ 



A combination is an unordered g 
set of things. If the things 
are determined by a selection 
procedure, they are all selected 
at one tim^_ so that no order can 
be established. ^ . • 



4.8 Three letters are selected 
from among a, b, c, and d. 
If 1 selection of 3 letters 
is made, the possible 
combinations are listed 
be low. 




a b c 



a b d 



a c d 
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When r things are selected with order from a group of n things, the num- 
ber of r~meraber permutations is written n P r where 

• * 

^ p = n! 
n r (n-r) ! 

- / 

If r things are selected from a group of .n things without order, the num- 
ber of r-member combinations is written C * where 

n X t 



Example 




n C r " r! (n-r) I 



4.7 In' example 4.2 , each batting order is a permutation. Nine 
batters are selected from a team of 9 players with order. 
The number of batting orders is 

f 

P = , = ^7 = = 362,880 

9 9 (9-9) ! 01 1 

4.8 A bag contains 9 beads. In how many different ways can 4 
~ beads be selected? 

Step 1. The 4 beads are selected at one time ^without regard 
to order. Each selection is a combination. 

Step 2. The number of combinations of 9 beads taken 4 at a 
/ t time is 

91 9! 



9 4 4! (9-4) I ~ 4!5! 



■ 126 



4.9 In how many ways can 2 co-captains be selected from a team of 
9 players? In how many ways can a* captain and co- captain be 
selected? ^ 

Step 1. The co-captains can be selected in ^C 2 ways. 

9! ' 9! 



9°2 2! (9-2) ! 217! 



= 36 



9 

FRIC7 



7Z 



Ztep 2. The captain and co-captain can be selected one at a 
time in ^P^ different ways. * 

9' 9 1 

9 2 3 (9-2) ! = 7! 

4.10 A box contains 12 good items and 9 defective items. If 6 
items are selected at one time, in how many ways can 4 of 
these be good items and 2 be defective items? 



Step 1. There are ^C^, ways of selecting good items and 
9^2 



12 4 

a C 0 ways or selecting defective items. 



Step 2. By the MP, there are ± 2 C 4 # 9 C 2 ways of selectin 9 
4 good and 2 defective. 

C • C = -i^JL . -2i— = 495 . 36 = 17.820 * 
12 L 4 9 C 2 4181 2 2 72. W ' ~ 

b 

Exercise Set 3 _ 

r ■ ; r\ 

1. Evaluate the ^tttl lowing. 

(a) * 7 C 3 ' (b) " loV (C) 5*5 (d) 8 C 1 

*(e) 8 P 1 - (f) 4 C 3 • 5 C 2 (g) 4 C 2 • (h) 12 C 3 • 10 C 2 

•2. How many 3-member ^executive councils can be selected from a 30 mem- 
ber organization? How many different executive councils are possible 
if the organization selects a president , vice-president, c^nd treasurer? 

3. In how many ways can 4 beads be selected one at a time from a bag 
containing 9 beads? If all 4 beads are selected at one Eire, how many 
different sets of 4 beads are possible? (Note: Things elected one 
at a time implies order.) 

4. In how many ways can £ wires be plugged into 



(a) 6 electrical outlets? (b) 4 outlets? (c) 8 outlets? 

A box contains 10 red beads, 8 green beads, and 4 blue beads, 
many ways can 4 red, 2 green, and 1 blue bead be selected? 



Section 5 *■ Mathematical Probability 

C-umnon words such as "chance", "probable", and "likely" express a vague 
notion of the meaning of the probability that something may o,ccur. This 
section will endeavor to attach a number measure to. the probability that 
something may happen. 

7G ' 
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The sample space S is the set containing all possible ways something can 
occur. Each occurrance (member of S) is called an outcome of the action 
or experiment. 

The measure of, the sanple space is the number of possible outcomes of S, 
written nlS) . . „ . 

« 

An event E is the set of all outcomes of some action whose probability of 
occurring is to be determined* The measure of E, n(E) f is the number of 
outcomes in. the event. 

The probability that an event E may occur is the measure of E divided by 
the measure of the sanple space S. Writing the probability of E as P(E), 
then 

n(E) 



P(E) = n(S) 



Exanples 



5.1 Find the probability that exactly 2 heads will occur if a 
coin is tossed 3 times. 

Step 1. Representing a heaS toss by H and a tail by T, the 
^ list of all possible ordered outcomes is 

* H H H 
HUT 
H T H 
T H H 
H T T 
T H T 
T T. H 
T T T 

The sanple space contains 8 outcomes. Thus 
n(S) = 8. 

Step 2. The outcomes of the event "exactly 2 heads occur" 
are 



H H T 
H T H 
T H H 



The eyent set contains 3 outcomes. Thus, n (E|£*= 3. 



step3 . P(E) l.aifUl 
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5.2 The prdifabittty^of tossing all heads or all tails when a coin 
is tossed 3 times is 1 + 1 _ ,1 

~ 8~~ 4 • 

5.3 A die is rolled 2 tiroes. By the MP, the total number of out- 
comes is the nuntoer of face values possible on the first toss 
(6) times the 6 face values possible on the second toss. 
Thus n(S), v 6 • 6 = 36. If |he probability of M the sum of 
the face values is 9" is desired, then E contains the outcomes 
(6,3), (5,4), (4,5), and (3,6) where the first mentoer is the 
first toss value and the second member is the second toss 

value. Therefore, P (E) =L S i • 

36 

5.4 What is the probability of being dealt 3 jacks and 2 queens 
from an ordinary deck of bridge cards? 

Step 1. There are 5 ,C 5 ways of selecting 5 cards without 

order from a dec? of 52 cards. Thus, n(S) = ^C^. 

Step 2. There are 4 jacks in the deck and 4 C 3 ways to select 
3 of the jacks. Similarly i there are 4 queens and 
4 C 2 ways ok being dealt 2 queens. By the MP, the 
number of ways to get 3 jacks multiplied by the num- 
ber of ways to get 2 queens is the total number of 
ways of getting 3 jacks and 2 queens. Thus, n (E) = 



4° 3 ' 4 C 2" 



c . - p , E , _ PJE) = 4 C 3 • 4 C 2 = 4-6 = 0<00000923 . 
Step 3. P(E) - n(s) c 2,598,960 



5.5 A machine is known to have produced 7 defective items among 
30 items made. If" a sample of 10 items is taken, what is the 
probability to the nearest ten-thousandth that exactly one 
defective item is in the sample? 

Step 1. n(S) ■ 3o C io* 

Step 2. The event set contains each defective item combined 
with all of the combinations of 9 good items takeu - 
from the- 23 good items produced. By the MP, the 
total number of 1 bad and 9 good item combinations 
is ? C X • 23 C 9 . Therefore n(E) - fa • 

n(E) 7 C 1 * 23 C 9 _ n 1QriA 
Step 3. P(E) = * — s 0.1904. 

n(S) 30 C 10 



bj4 • "">8 
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Exercise Set 4 

i 

1. A coin is tossed 3 times/ What is the probability of getting exactly 

1 tail? No heads? ' 

I. A coin is Lessor] 4 times. What is the probability of getting exactly 
J heads? 4 tails? 

3. A die is rolled twice. Find the probability that the sum of the faces 
is 7. 

4. Find the probability of being dealt S.hearts from a bridge deck of 
cards. ' 

m 

5. Find the probability of getting 2 kings, 2 jacks, and 1 nine dealt 
from a bridge deck of cards. 

6. A box contains 7 white, 2 green, and 4 red beads. If 3 beads are 
selected at random, what is the probability that each bead is a dif- 
ferent color? 

7. A machine produced 10, items of which 5 were defective. A sample of 
4 of the items is selected. What is the probability that exactly 

2 of the items are defective? > 



Section 6 - Empirical Probability 

Statements made about the probability of an event are not always based up- 
on equally likely outcomes (this was the case in the last section) . In- 
stead, the probability of events used in making weather forecasts, pre- 
dicting outcomes of athletic events, etc. is based upon past performances, 
observations, and/or experiments. This type of probability is called 
enpirical probability . 

Example 

6.1 The toss of a biased coin does not result in equally likely 
outcomes of a head or tail; a head will occur more or less 
often than a tail. 

A biased coin is tossed 1000 times. A head comes up 692 

times and a tail 308 times. Based upon this exp|jiment, 

the empirical probability of aetting a head is = .692 

and getting a tail is !2i » 1308. *. r 

1000 
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6.2 The following table shows the number of hand powersaws still 
in operation after different years of use. The empirical 
probability of a saw lasting from year X to year Y is 

Number of powersaws in use after Y years 
Number of powersaws in use after X years 

Powersaws in Use Years of Service 

37 0 

32 1 

29 2 

21 3- 

11 4 

2 5 

q 6 
The enpirical probability of a saw being used for 

(1) 4 years is = 0.297 (neafesl* thousandth) 

(2) 6 years is ^ = 0.000 

2 

(3) 3 years after 2 years of service is — « 0.069 



29 
32 



(4) 5 years after 1 year of service is j- = o.OOO 



Exercise Set 5 



1. If a student has a grade of B in 15 out of 25 courses takerv, vhat 
is the empirical probability of the student receiving a B in the 
next course? 

2. A college student traveled 1313 miles during which time he had 13 
flat tires on his car. Each flat tire caused the student to miss 
1 class period. On this particular day he must drive 13 miles be- 
fore arriving at the college. What is the empirical probability 
that the student misses a class? , 



Use 



the table in example in 6.2 to find the empirical probability that 



(a) a year old saw will still be in use in 3 years. 

(b) a new saw lasts 2 years. 

(c) a 4 year old saw lasts another year. 



so 



\ . 
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CHAPTER VI 



STATISTICS^ - CURVE FITTING 
Section 1 - Tabulation of Data 

This chapter introduces the mathematics involved in the computation of cer- 
tain statistical measures. The study of statistics involves the tabulation 
and interp-etation of numerical data and the study of measures of central 
tendency including the mean, median, mode, and standard deviation. 

One set of data is used throughout the chapter to illustrate by example the 
various statistical procedures. Consider the 30 items of /data below: 



37 


,36 " 


21 


33* 


28 


r 1 


34 


37 


31 


29 


32 


/35 


43 


34 


29 


33 


38 


/v26 


23 


36 


41 


32, 


27 


40 


28 


31 


34 


42 


34 


23 



Table 6.1 

Data in this form does not allow for any immediate interpretation. General 
characteristics of the data can be more readily seen if the data is tabulated 
into group? or glasses . 

The difference between the greatest and least item of data is 43 - 21 = 22 , 
called the range . Five classes are chosen to be 20-24, 25-29, 30-34, 35-39, 
and 40-44 where theoretically , the class boundaries are 19.5-24.5, 
24.5-29.5, 29. 5-34. 5, 34.5-39. 5 f and 39.5-44.5. 

The selection of classes is done arbitrarily and depends in some cases upon 
^he desired analysis of the data. 

Each data item is recorded in a specific class using a tally mark. The num- 
ber of data items within each class is called the frequency f of the class. 



Class 


Tallies 


Frequency 


20-24 


111 


3 


25-29 




6 


30-34 


mi mi i 


11 


35-39 


mi i 


6 


40-44 


, mi 


4 



Table 6.2' 



\ 
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This type of tabulation is called a frequency distribution , 
to have meaning when derived from this form of tabulation. 



The data begins 
For example, the 



greatest- concentration of data appears in the middle of the range of i values 
with the center class having a frequency of f = 11. , Hie data seems Evenly 
spread on either side of the center class with gradually less frequency. 

The frequency distribution of the data can be expressed graphically by means 
of a histogram . The classes are represented on a horizontal axis whilp the 
frequency f is designated on a vertical axis. _ 



"16 
-14 

■-12 
-10 
-8 
-6 

«>4 
••2 



19.5 J 



J 29.5 | 34.5 J39.5 J 



24.5 

22.0 27i0 32.0 37.0 



44.5 
42.0 



- Figure 6.1* 

The class mark is; the*average of the ciass boundaries. The class marks 
are indicated by arrows in- Figure 6.1 and graphically they represent the 
middle of each class. / 

The frequency polygon is another form of the graph of the frequency- distri- 
bution of data. Line segments are used to join the midpoints of the top 
sides of the histogram rectangles as shown in Figure 6%. 2. Two line segments 
are extended to the class marks on the data axis which have frequency zcro.^ 
In this way, the polygon is complete. 



82 

0 
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27.0 



42.0 47.0 



Figure 6.2 

Exercise Set 1 " 

1. Tabulate the given data using a frequency dist ,x ition. Use 7 classes, 
each one 4 uiits wide beginning at 55.5. State* the class boundaries 
and class marks. Construct a histogram and frequency polygon. 





73 


64 


63 


78 


70 


69 


73 


58 




83 


75 


62 


72 


73 


67 


56 


80 




74 


66 


61 


73 


75 


70 


67 


71 




70 


69 


76 


81 


56 


69 


12 


73 



Section 2 - Mean, Mediae . MoJe 

The frequency Sistribution and graphical histogram tend to be general in 
" their description of the data. A r*--e sp3cific statistical technique for 
deriving information from data is the arithmetic njean or .average. 



The arithmetic mean (average) of a set of data is tne sum or. the data divided . ^ 
by the number of data. *Symboli (tally, if d^, d 2 , d. 
items,* then the average x (readx-bar) can be found as 



4 ^ , . . . d , , d are n data 
7 ' n-1 n 



x = 



d l + d 2 + d 3 + 



+ d 



n-1 



The 30 data .items being* used to present ideas in this chapter have a sum 
of • 078 so that- their average is - 



i 
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A mean can be calculated from a frequency distribution by adding together 
the class mark, of each class tiroes the class frequency and dividing this 
sum by the total frequency of the classes- If x i and ^ are the class mark 
and frequency of the ith class where i = 1, 2, 3, . .. n, then 

- V f l + V f 2 * ■■■ * V f n / 
X= f l + f 2 + ■■■ * f n 

The class ni^rks of the classes in Table 6.2 are 22, 27, 32 , 37, and 42 wiuh 
frequencies 3, 6, 11, 6, and 4, respectively- Thus, the mean-is 

' - _ 22- 3 + 27-6 + 32- 11 + 37-6 + 42-4 _ 970 = 32 ^ 
x - 30 ~~ 30 

The discrepancy tha. occurs between the mean of the raw data ,432,60) and the 
mean derived from the frequency *d|stribut ion (32.371 arises because the aata 
within a ^class is assumed to have an average equal to the class mark. 

The median of a set of data is a number such that half of 'the data has values 
greater than it and the other half less than it. Listing the data from Sec- 
tion 1 in order of magnitude in columns left to right, 



?1 


28 


32 


34 


37 


23 


29 


32 


34 


38 


23 


29 


33 


35 


40 


26 


31 


33 


36 


41 


27 


31 


34 


36 


42 


28 


31 


34- 


37 


43 



The median is the average of the 15th and 16th data since there is no single \ 
data item in the middle. Hence, the median is (33 + 33) t 2 = 33. 

The mode is the data item(s) that occurs most often. The mode .:or the given 
data is 34. 

The mo dal class is the class in the frequency distribution having the greatest 
frequency. From Table 6.2,/ the modal tiass is 30-34 (theoretically^. 5- 
34.5). 7 

Exe rcise Set 2 

1. Using the data from Exercise Set 1, find the mean in. two ways, median, 
mode, and modal class. \ 



/ 




Section 3 - Standard Deviation 

A numerical measure of the amount of dispersion or scatter of the d^ta from 
•the mean is called standard deviation , abbreviated s. In some instances, 
a large standard deviation would/mean that the data has Less meaning or 
significance than i set of data /with a smaller standard deviation. 



The standard deviation s is fou^d using the following steps 



\ 

Find the arithmetic mean. 
Subtract the mean from each data item. 
Square these differences. 
Find the average of the squares from (3). 



(1) 
(2) 
(3) 
(4) 

(5) Calculate the square root of the average found in (4) 



\ 

Symbolically, 




^J{C x) 2 + (<* 2 -x) 2 + --. + (d n -x) 



for i = 1, 2, 



9 Taking the 30 data it^ms and their average x = 32.6, 



. n. 



37-32. 6) 2 + U6-32.6) 2 + ... + (34-32. 6) 2 + (23-32 . 6) 2 

30 



s = 5.5 (noarest tenth) 7 . 



Exercise Set 3 



1. Find the standard deviation of the data given in Exercise Set 1. 



Se ction. 4 *- Curve Titting - Linear Empirical Equation 



7 



Data obtained from obsen^ations and experiments involving two quantities 
may reveal that a linear relationship exists between the quantities. Very 
rarely, because .of errors in measurements, do ail the data -satisfy a 
particular linear equation in two variables nor do the point-grarhs of the 
data lie on a straight line. The purpose of this section is to determine 
a linear equation whose graph does not 
vary significantly from the point-graphs 
of the data (see Figure 6.2). Such an 
equation is called an empirical equation 
since it is derived from experimental 
data, not from purely mathematical pro- 
cesses . 




0 
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The method of least squares is used to derive the. linear empirical equa- 
tion. 

The difference between the y-coordinate of a point on the graph of a line 
and the y-coordina£e .of a data-point for a particular value of x is -all*v 
a deviation as shown in Figure 6.4, ^ 
The sum of all the squares of the 
deviations of data-points from the 
empirical equation derived from 
t\\e least squares method is less 
than for any other line in the 
plane- Thus, by this method, 
the "best-fitting" line is de- 
terainea^ 



The empirical equation of the least 
square line requires that the average _ 
of the x- coordinates a, y- coordinates y, 
and the product of the coordinates xy 
be found. The equation pan be expressed 
as y = mx = b where the slope 




Figure 6.4 



m = 



xy - 



with 

S - x - x 
x 

and the y-intetcept 
b = y ~ m- x. . 



c 



Examples. 

4.1 The following data was recorded in an experiment to de- 
termine %he possible relationship between current i and 
voltage V in a circuit. 



/ 



i (milliamperesl 


2.00 


3.56_ 


6.14 


6.50 J 


8.67 


V (volts) 


13.65 


20.68 


'35.2.1 


41.20 


55.00 



Graph the data expressing current as a function of voltage. 
If the data-points reveal that a linear relationship may 
exist between t and V, find and\graph a linear empirical 
equation in V and i by the least squares method. 



/ 
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Step 1. The graph of the data: 



\ 



\. i (milliampheres) 

i 

■■50 
. -40 

30 
20 
10 



/ 

■< • 



\ 



2 I— I L 



3—4 



1 



6 7 8 



i i— ► V (volts) 



The relationship between V and i appears to be 
linear. 

Step 2. A table can provide ^some of the input needed to wr/te 
the empirical equation. / 



r 8 - 


i 


V-i 


1 v2 - - 


2.00 


13.65 


27.30 


4.00 


3.56 


20.68 


73.62 


12.67 


6.14 


35.21 


216.19 


37.70. 


6.50 


41.20 


?67.80 


42.25 


8.67 


55.00 




-?5v±7 


26.87 


165.74 


1073.76 


171.79 TOTAL 



V^^SV. 5.37 



1 m -• 



5 

165.74 



V 2 =^28.8 



= 33.15 



V-i = (5.37) (33.15) = 178.02 
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J*. UhJl m 34.36 
2 ~T 

\ ' v 



V = 34.36 



28.84 = 5. 52 

87 



f 



7 
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Step 3. The slope m is 

vT - V-i 



m = 



212,35 - (5,37) (33,15) 
5.52 



- 6.22 

Step 4. The y- intercept is 

b = T - m-v . 
= 33.15 - (6.27) (5.37) 
= -0.52. 

Step 5. The empirical equation is i = 6.27V 
graph is shown below. 



\ 

- 0.52 and Its 




4.2 Predict the current in milliamperes for 15.20 volts in the 
circuit of example 4.1. 

Step 1. Let V = 15.20 in the equation i = 6.27V - 0.52. 
i = (6.27) (15.20) - 0.52 
i = 94.78 milliamperes 
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Exercise Set 4 



Find the equation of the least squares line for the given data. 
Graph the dat«points and the equation on the same graph. 

x Co. J | 2.0 I 3.0 f 3.5 I 6.5 I 10.0 



To. j | 2.o bjigj^jsjl- 6 - 

| 3.0 I 7.1 I 9.6 | lO.VpMu 




An experiment resulted in the following values of the mass m in 
kilograms on a -spring and the length L of the spring in centimeters, 

ml 0.00 I 1.00 I ; 2.50 I 3.25 I 5.26 



L| 20.00 I 26.32 | 34.80 | 4'' 50 | 54.80 

a. Find an empirical equation relating m and L using the least 
squares method. 

b. If a- 7.50 kilogram mass were put on the spring, estimate the 
length of the spring using the equation from part a. 

c. How much mass needs to be placed on the spring to stretch the 
spring 9.60 centimeters beyond equilibrium? 
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ANSWERS TO EXERCISES 



CHAPTER I 



Set 1 (Page 5 ) 

1. a. T = K • 7™: b y = K-X- c. P » K-s 3 A 

VS 2 Z 



2. 


a. H = K-t>i 2 


b. 20 


3 . 


a . tt 


h increase 16 times 


4. 


a. decrease by 


factor of 2/3 b. xncrease 




c. increase by 


factor of r08 


5. 


0.15 ohms 








CHAPTER II 


Set 


1 (Page 10) 




1. 


a. 3 b. 




2. 


a. /3 b. 


5 c. -1. 


3. 


-3, 0, 2 




4. 


* 

2.1 






4 




Set 


# 

2 (Page 13) 





2. -94 3. -\ 4. -4681 5, 390 



-±r — 2-2 -2. -94 J. 



Set 3 (Page 14 ) 

1. yes 2. No 



3. No 4. No 5. Yes 



ERJC 



Set 4 (Page 20 ) 

1. a. 3 positive, 0 negative b. 1 positive, 0 negative 
c 1 positive, 1 negative d. 0 positive, 3 negative 

2. a. 1, -1, 2, -2 b. 1, -1, 2, ^2, 3, -3, 6, -6, 9, -9, 18, -18 

1111 

c. 1, "1/ 2, -2, 4, -4, 3, -8, 2' ~ 2 ' 4' ~ 4~ 

90 
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3. a. -2, 1, 3 



It 



-l + /n -i - -/IT 



c- 2-j, 2+j, -3+2j, -3-2j 



4. 



a. 2, 3, 5 b. 
d. 0, 1, 3+j, 3-j 



d. -5, -5, j; -j 



■1. -3, -2 



-4, -4, - 



^ ^ o 3 2 
e- 0, 0, 2, y 



CHAPTER III 



Set 1 (Page 22 ) 



1. 
2. 



Ansvers vary. 

(c) 



I I M 

-10 -8 -6 -4 



10<. 

6, ( 
4,, 



J* 




2 " 2 4'6 8>10 



Set 



1' 

2 (Page 24 ) 

"aT — Sl22 1)7 /Tiin 



c- 13" 
c. 4 




(e) 



d. 3 
d. 0 



e. — -3 



1 

e ' 2 



3. 



a. -1 

a. parallel b. perpendicular c. perpendicular d. perpendicular 



Set 3 (Page 27 ) 
1. a- x-3y = -17 

d. x + 3y = 15 

9- y = 4 



b. 5x-y = -8 j c- 2x + 3y - -1* 

e. 9x - lOy = 10 f. x = 5 

h. 5x + 6y = 0 i. y = 0 j. x = 4 



ERIC 



20 -j sec 



3. 2 cm; 10 newtons 
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Set 4 (Page 30) 
1. a. (0,0); 8 



(4,0); 1 



(2,3); ^50 



d. (0.7, -3.6); /T? e . (8,-1); 7 



2. 2 



,2. a. (X-3P + y = 625 b. x +y =10 



c. (x-4) 2 +(y+9) 2 = 49 



d. (x-4) 2 +y 2 = 10 



e. (x + |) 2 +(y-|) 2 = 130 



f. (x+4) 2 +(y+3) 2 = 36 



3. yes 



Set 5 (Page 35) 

1. a. F(2.5,0) 
V(0,0) 
x = -2.5 



m 

CM 
I 
k 



F{2.5,0) 




d. 



F(4,4) 
V(4,5) 
y = 6 



b. F(0,-7) 
V(0,0) 

y = 7 



c. F(-0.25,0) 
V(0,0) 
x = 0.25 





y 














A 


' — +P(0,-7) 


e. F(3,-6) 



V(0,-6) 
x = -3 



fN 





y 


y»6 


J 


AF(4,4) 




[ 


i 



— X 



• F(3,-6) 
V(0,-6) 



92 
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2. a. x 2 = 12y b. y 2 = 40x c. x 2 = -8y d. (y-3) 2 - 20(x-5) 

2 2 2 

e. (y-6) = -20(x+4) f. (x+5) - 24(y+4) 

3. 49.4 meters 



• 1. a. 





y 






in ni JT^ 


N/ V,(10,0) 




J) 2 » 




y 


- V (0,2) 






\ F 1 (0,*^5) 




F 2 (0,-^95 


/ V 2 (0,-2) 





V 2 (13,0) 




V 1 (0,4) 



F 1 (0 f /p") 




F_ (0,-/15) 



V (0,-4) 



d. 



F 1 (-10*^,0) 



F„ (10^6,0 



— \^ V,(25, 



0) 
x 



f . 



V.^6,5) 
F (-6,-3+i/ S5) 1 



F x (6-3/5,0 



F 2 (6+3^,0) 



Ff-6,- 3-/55) 




V 2 (-6,-11) 
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\ 



2 2 V 
2 2 

xf + iZi8)i = 
9 25 



2 2 
b. -4 + ^ 



e. 



4 12.25 

(x-4) 2 (y-7) 2 
16 4 



2 2 
81 32 



(x-3) 2 . (y-8) 2 
"7 + 16 



= 1 



= 1 
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Set 7 (Page 46) 
1. a. 



V 1 (-6,0) 



F 2 (2/l0,0) 



V 2 (6,0) 




C(0,( 



'p (2^0,0) 



c. 



y 

F 2 (0,^9 

V \ 


y 


•>> 








^ V 2 (0,5) 








■C(0,0) 


V 1 (0,-5) , 






~-F (0,-ifo) 



F 2 (0,-6-»758) 




v 1 (0,-13) 



F 1 (0,-6-i^8) 



94 



b. 



V 


y 






""Tn^coo) 


F 1 (-*^*,0 






' / 


i 




v 1 (-i,o) 




v 2 (i < p) 




\ < 



d. 
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CHAPTER* 



Set 1 (Page 66 ) 

1. 24 2. 900 3. 200 4. a. 15600 b. 17576 

5. a. 210 b. 112 c. 49 d. 3,920 e. 11,760 

Set 2 (Page 67) 

1. a. 155 -b. 30 c. 300 2, 19,656,000 

3. 156 
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Set 3 (Page 71) 

1. a. 35 b. 151,200 ■ c. 120 d. 8 
f. 40 g. 30 h.„ 9,900 

2. 4060; 24,360 > 3. 3024; 126 
%. a. 720 b. 360 c. 20,160 

S. 23,520 v 

* 

Set 4 (Page 74 ) 

,11 2 ~ — 3. - 4. 0.00495 

1 ' 8' 8 4' 16 J 6 



5. 0.0000544 



6. 0.196 7. 0.476 









11 




29 


c 




2. 0.129 


3. a. 


32 


b. 


37 








CHAPTER VI 




Set 1 


(Page 78) 












Class 


Tallies 


Frequency 




Class^ 


Boundries 


56-59 


111 


3 




55.5 




59.5 


60-63 


11 


2 




59.5 




63.5 


64-67 


1111 


4 




63.5 




67.5 


68-71 


111 


8 




67.5 




71.5 


72-75 


mi I*U 


10 




71.5 




75.5 


76-79 


11 


2 




75.5 




79.5 


80-83 


111 


*3 




79.5 




83.5 


Set 2 


(Page 79 ) 


i 










1. 70.188, 69.750; 70 


.5; 73; 71 


.5- 


75.5 







2_ 
11 



Class Marks 

57 
61 
65 
69 
73 
77 
81 



ERIC 



93 



1 



-94- 



Set 3 (Page fo) 
1- 6.596 (nearest thousandth) 




2. a. *L = 6.58 m + 19.49 

b. 68-81 centimeters 

c. 1.54 kilograms 



9 r * 



* 
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* INDEX 



Amplitude, 52 
\ , Asymptote, 42 

Axis of symmetry, 31 



Center, 

circle, 27 

ellipse, 36 

hyperbola, 42 
Circle, 27 
Class boundry, 76 
Class* mark, 77 
Combinations, 68, 69 
Conjugate axi*, 4? 
"Constant of variation, 1 
Cosine function, 49 
Counting principles, 

addition, 66 

multiplication, 63, 65, 66 



Direct variation, 1 
Directrix, 31 
Displacement, 56 
Distance between jbwo points < 

directed, 23 
I undirected, 22 
Division, 

synthetic, 10, 12 



Ellipse, 36 

Empirical probability, 74 
Equations, 

circle, 27, 28 

empirical, 80 

ellipse, 37, 39 

linear, slope-intercept form, 25 
linear, two-point form, 25 
hyperbola, 43, 44, 46 
parabola, 31 
Event, 72 



Factor theorem 13 
Factorial notation, 68 
Focus, 

el 1 ips2, 36 

hyperbola, 42 

parabola, 31 



Frequency , 

distribution, 77 

polygon, 77 
Functions , 

cosecant, 60 

cosine, 49 

cotangent , 60 

higher degree polynomial, 15 
linear, 7 

polynomial in one variable, -7 
1 quadra trie, 7 
secant, 60 
sine, 48 
tangent, 58 



Graphs , 

circle, 28 

consine function, 49 

ellipse, 36 

\ hyperbola, 43 

linear equation, 21 
parabola, 31 
polynomial function, 1 
secant function, 60 
sine function, 48, 55 
tangent function, 58 



Histogram. 77 
Hyperbola, 42 



Inverse variation, 3 



Joint variation, 4 



Linear factor, 13 
Linear function, 7 
Lines, 

parallel, 23 

perpendicular , 2 3 



ERIC 
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Mean, 78 
Median, 78, 79 
Modal class, 79 
Mode, 78, 79 



Outcome , 72 



Parabola, 31' 
Period, &? 

Permutations; 68, 69 
Probability, 71 
empirical, 74 



Radius, 27 

Rational root theorem, 15 
Remainder theorem, 10, 11 
Roots, 7, 15 



Sample space, 72 
Slope of a line, 23 
Standard deviation, 80 
Synthetic division, 10, 12 



Transverse s, 42 



Variation, 

direct, 1 
inverse , 3 
joint, 4 

Vertex, 

ellipse , 36 
hyperbola, 42 
parabola, 31 



y-intercept, 25 



Zeros, 7 



